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CDEF+DGHIJK 2L MN .OO.PQ .OR .
STUVWX Y Z [\ ]^ ]_]`a b ]c dW_]_`e YfWc]`aYa g CDhDiEDJ jiD k l2m liD iJ lD+ n,+oDEIJK 2JKDpDJD/2+EqDooIJK lD+ / iriEi,J lI+GH +Do2qi,J2oD C2EiE,F D+2q,+DJ 2oE

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)

sL iq
r(X)

k
s(Y )

IJl
Z = X \ Y tuIir2oDJq vI lD+ KDKDp DJDJ /DwJiqi,J

r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r}

iEq .
CDq+2GHqD

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)
︸ ︷︷ ︸

(∗∗∗)

(∗)

x2GH /DwJiqi,J lD+ / iriEi,J iEq
r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r} (∗∗)

sOy
(∗∗) ⊆ (∗) zjDi

µ ∈ (∗∗)
k 2oE,

{µ} ./ s ⊆ r
. {|+ 2ooD

ν ∈ s
iEq 2oE,

µν ∈ r
.

/2L iq 2oE, D+EqL 2o
µ ∈ π[Z](r)

.
}I vDiKDJ z µ 6∈ (∗∗∗)

.
~JJ2HLD z µ ∈ (∗∗∗) � 2oE, KtpD DE DiJ ν′

k E, l2EE
µν′ ∈ (π[Z](r) ./ s) − r

iEq . /D+ ~JqDio
π[Z](µν′)

iEq KD+2lD
µ
k 2oE, L|EEqD

ν′ ∈ s
EDiJ k l2L iq liDE D+-|ooq iEq k IJl

µν′ /∈ r � iL0 ilD+EF+IGH vI ,pDJ .
~ oE,

µ ∈ (∗)
.

sRy
(∗) ⊆ (∗∗) zjDi

µ ∈ (∗)
.

~JJ2HLD z µ 6∈ (∗∗)
k l .H .

{µ} ./ s 6⊆ r
.

/2JJ Kipq DE 2oE, DiJ
ν ∈ s

k E, l2EE
µν 6∈ r

.
µ ∈ π[Z](r)

J2GH �,JEq+I�qi,J r,J
(∗)jGH2IDJ h i+ IJE h iDlD+

(∗∗∗)
2J z /2 µ ∈ π[Z](r)

iEq k iEq
µν ∈ π[Z](r) ./ s

IJl � 2
/∈ r

k 2oE,
µν ∈ (π[Z](r) ./ s) − r

IJl l2L iq
µ = π[Z](diesem) = (∗∗∗)

.
0,L iq

µ
JiGHq iJ

(∗)
iEq . 0 ilD+EF+IGH vI+ n,+2IEEDqvIJK .

STUVWX Y � [S �VYXfW � � ]a]b W�Y� Ta� � W�]bW�Y Sa�W�� ^`a �Te Y�ag /iD �Do2qi,JDJ
R(X̄)IJl

S(Ȳ )
DJqH2oqDJ

n
pvh .

m �IFDo . 0 iD K+,m iEq liD L 2�iL2oD IJl L iJiL 2oD ~Jv2Ho r,J �IFDoJ kliD l2E �+KDpJiE -, oKDJlD+ �FD+2qi,JDJ spDi KDDiKJDqDJ
X̄, Ȳ

y DJqH2oqDJ �2JJ�
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2y
R ∪ Spy
R ./ SGy
σ[C](R) × S

k -|+ DiJD CDliJKIJK
Cly

π[Y ](R) − SDy
R ÷ S

2y L 2� z n + m
s�DiJD KDL DiJE2L DJ �IFDoyL iJ z max{n, m}

s�DioL DJKDJpDviDHIJKypy L 2� z n ∗ m
k hDJJ DJqhDlD+

X̄ ∩ Ȳ = ∅
,lD+ iL J2q|+oiGHDJ �,iJ � DlD jF2oqD 2IE

X
L iq � DlD+jF2oqD 2IE

Y
vIE2LLDJF2EEq .

L iJ z 0
sJ2q|+oiGHDE �,iJ L iq

X̄ ∩ Ȳ ) ∅
k p Di lDL 2pD+ JiGHqE |p+iKpoDipq k l2 liD � iJq+tKD lD+KDL DiJE2L DJ jF2oqD sJ y JiGHq vIE2LLDJF2EEDJ .

� iJhDiE z L 2J EiDHq k l2EE DiJ �,iJ 2oE, liD �+KDpJiEL DJKD E,h,Ho lDIqoiGH rD+K+�mD+J k 2oE 2IGHDiJEGH+tJ�DJl h i+�DJ �2JJ .
•
nD+HtoqJiE vh iEGHDJ |R ./ S|

IJl
|R|

pDvDiGHJDq L 2J 2oE � ���� ������� lDE �,iJE spvKo .
R
y .

•
iEq

X̄ ∩ Ȳ
v .C . jGHo|EEDo r,J

S
IJl l2L iq {+DL lEGHo|EEDo iJ

R
k E, H2q L2J

|R ./ S| = |R|
.

Gy L 2� z n ∗ m
s2ooD �IFDo iJ R

D+-|ooDJ
C
y

L iJ z 0
s�DiJ �IFDo iJ R

D+-|ooq
C
y

ly L 2� z n
s
S = ∅

k ,lD+ vIL iJlDEq
S ∩ π[Y ](R) = ∅

y
L iJ z 0

s
π(Y )(R) ⊆ S

y
Dy L 2� z n/m

hDJJ 2ooD 0D+qD
π[X̄ \ Ȳ ]R

L iq � DlDL lD+ 0D+qD 2IE
S R

r,+�,LLDJ .
L iJ z 0

... hDJJ DpDJ �DiJ 0D+q liD lI+GH liD / iriEi,J pvKo .
S
KDEqDooqD � -|+ 2ooD��CDliJKIJKD+-|ooq .

STUVWX Y � [� T]^W�Ya� ^`a ST_�f!"#Ya g $DKDpDJ EDiDJ -,oKDJlD �Do2qi,JDJ z
•
� s~ kC k% y

•
j s~ k� k{ y

• � s~ k� y/ iD 0D+qDp D+DiGHD 2ooD+ JiGHq J2LDJEKoDiGHDJ ~qq+ipIqD EDiDJ r,JDiJ2JlD+ rD+EGH iDlDJ . $DKDpDJEDi JIJ -,oKDJlD+ +Do2qi,J2oD+ ~IEl+IG� z
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

jiJl liD -,oKDJlDJ ~IEl+|G�D tuIir2oDJq vI ,piKDL ~IEl+IG�� CDK+|JlDJ jiD &H+D ~Jqh,+q .
2y

π[E, H ]((σ[B = 10](R)) ./ (π[A, E](S)) ./ T )py
π[E, H ](σ[B = 10](((π[B](R)) ./ (π[A, E](S))) ./ (π[A, H ](T ))))Gy
π[E, H ]((π[A, B](σ[B = 10](R))) ./ (π[A](S)) ./ T )

2y iEq tuIir2oDJq z/D+ I+EF+|JKoiGHD ~IEl+IG� z
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

�,iJ iEq 2EE,vi2qir z
π[E, H ](σ[B = 10](R ./ (T ./ S)))



������ ��� 	 
� ��� 
����� O�

~qq+ipIq
B
D� iEqiD+q JI+ iJ �Do2qi,J

R
k l2HD+ �2JJ jDoD�qi,J r,+ �,iJ 2IEKD-|H+q hD+lDJ z

π[E, H ](σ[B = 10]R ./ (T ./ S))

n,J
S
hD+lDJ JI+ liD ~qq+ipIqD

A
siL �,iJ L iq

T
y IJl

E
siJ lD+ 2pEGH oiDmDJlDJ *+,� D�qi,J ypDJ�qiKq k L 2J �2JJ liD *+,� D�qi,J 2oE, 2IGH KoDiGH 2I-

S
2IE-|H+DJ z

π[E, H ](σ[B = 10]R ./ (T ./ (π[A, E]S)))

�,iJ iEq 2IGH �,LLIq2qir z
π[E, H ](σ[B = 10]R ./ ((π[A, E]S) ./ T ))

/D+ oDqvqD ~IEl+IG� vDiKq l2EE liD �uIir2oDJv Kioq .� iJhDiE z iJ liDEDL ~IEl+IG� hD+lDJ 2ooD
π
IJl

σ
E, -+|H h iD L �KoiGH 2IEKD-|H+q .

p y JiGHq tuIir2oDJq z π[B](R)
DoiL iJiD+q l2E -|+ lDJ �,iJ L iq

S
IJl

T
hiGHqiKD ~qq+ipIq

A
k H iD+h i+l Eq2qqlDEEDJ l2E �+DIvF+,lI�q 2IEKD-|H+q .

π[A, E](S)
iEq h iD iJ 2y KDvDiKq vIotEEiK . π[A, H ](T )

iEq JIqvo,E s&lDJqiqtq y k Eq�+q 2pD+ �DiJDJ .Gy JiGHq tuIir2oDJq z π[A](S)
DoiL iJiD+q l2E ~qq+ipIq

E
k h2E iJ lD+ ~IEK2pD DJqH2oqDJ EDiJ E,oo .

STUVWX Y � [� T]^W�Ya�Ya � �`]a � �"�a]ccg jDiDJ
R(X), S(Y ), T (Z)

�Do2qi,JE�jGHDL 2q2 . }Di�KDJ jiD liD -, oKDJlDJ �uIir2oDJvDJ z2y
R ./ R ≡ R

.
p y hDJJ

X = Y
k l2JJ Kioq

R ./ S ≡ R ∩ S
.

Gy
(R ./ S) ./ T = S ./ (R ./ T )

.
� ED qHD lDwJiqi,J ,- qHD J2qI+2o � , iJ z

R ./ S = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S}

s2y
R ./ R = {µ ∈ Tup(X, X) | µ[X ] ∈ R ∧ µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ ∈ R}

= R

sp y � E KDoqD
X = Y

.
R ./ S = {µ ∈ Tup(X, Y ) | µ[X ] ∈ R ∧ µ[Y ] ∈ S}

= {µ ∈ Tup(X) | µ ∈ R ∧ µ ∈ S}
s
X = Y

y
= R ∩ S

sGy
(R ./ S) ./ T = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S} ./ T =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {µ[X ] ∈ R ∧ µ[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {ν|ν[X ] ∈ R ∧ ν[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|(µ[XY ])[X ] ∈ R ∧ (µ[XY ])[Y ] ∈ S ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[X ] ∈ R ∧ µ[Y ] ∈ S ∧ µ[Z] ∈ T }
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~J2o,K,IEo3k EH,h qH2q
S ./ (R ./ T ) = {µ ∈ Tup(Y XZ)|µ[Y ] ∈ S ∧ µ[X ] ∈ R ∧ µ[Z] ∈ T }

hHiGH iE qHD E2L D p3 G,LLIq2qiriq3 ,-
∧
.

STUVWX Y � [� Y�Wc]`aW�Y SaUfWVYa Wa � `a�]W�g $Dp DJ jiD ~IEl+|G�D lD+ +Do2qi,J2oDJ ~oKD�p+2 -|+ liD -,oKDJlDJ ~J-+2KDJ 2J liD 1,Jli2o�/2qDJp2J� 2J z
2y / iD x2LDJ 2ooD+ jqtlqD k iJ lDJDJ L DH+ 2oE R�� lD+ CDr� o�D+IJK lDE � DhDioiKDJ �2JlDE oDp DJ .
p y / iD x2LDJ 2ooD+ �+K2JiE2qi,JDJ k liD 2I- � DlDL �,JqiJDJq L iJlDEqDJE DiJ 1 iqKoiDlEo2Jl H2pDJ .
Gy ~ ooD �2JlDEG,lDE r,J �tJlD+J k iJ lDJDJ DiJD jF+2GHD KDEF+, GHDJ h i+l k liD 2IGH iJ lD+ jGHhDivKDEF+, GHDJ h i+l .
ly ~ ooD �2JlDEG,lDE r,J �tJlD+J k iJ lDJDJ 2IEEGHoiDEEoiGH jF+2GHDJ KDEF+,GHDJ hD+lDJ k liD iJ lD+jGHhDiv JiGHq KDEF+, GHDJ hD+lDJ .
Dy ~ ooD �2JlDEG,lDE r,J �tJlD+J k iJ lDJDJ JI+ jF+2GHDJ KDEF+, GHDJ hD+lDJ k liD 2IGH iJ lD+jGHhDiv KDEF+, GHDJ hD+lDJ .
- y ~ ooD �2JlDEG,lDE r,J �tJlD+J k iJ lDJDJ 2ooD jF+2GHDJ KDEF+,GHDJ hD+lDJ k liD iJ lD+ jGHhDivKDEF+, GHDJ hD+lDJ .
{|+ EFtqD+D �pIJKEpotqqD+ z
•

$Dp DJ jiD liDEDopDJ ~J-+2KDJ iJ j�� 2J .
•

$Dp DJ jiD liDEDopDJ ~J-+2KDJ iL +Do2qi,J2oDJ �2o�|o 2J .
jDi 2ooKDL DiJ

ρ[alias]
liD �LpDJDJJIJK k liD 2ooD ~qq+ipIqD L iq lDL *+tw� � uI2oiwviD+q .

2y �,iJ L iq }IE2qvpDliJKIJK z
π �Giq3.J2L D�

./ 	
��
�
�����
�
�����
�
��� �
��
����
> � ��� 
����
�����

ρ �Giq3 �
Giq3

ρ �G,IJq+3 �
G,IJq+3

,lD+

π �Giq3.J2LD �

./ 	
��
�
�����
�
�����
�
��� �
��
����
> � ��� 
����
�����

ρ �Giq3 �

π �J2LD kG,IJq+3kF,F �
Giq3

ρ �G,IJq+3 �

π �G,lD kF,F �
G,IJq+3

py / iriEi,J z
÷

π �2pp+Dr kG,JqiJDJq �

./

iE�LDLpD+ DJG,LF2EEDE

π �J2LD�
G,JqiJDJq

iE�LDLpD+ s,+K kG,IJq+3kq3F Dy IJl DJG,LF2E�EDE sG,IJq+3kG,JqiJqDJq kFD+GDJqy hD+lDJ |pD+G,IJq+3 KD� ,iJq . /2r,J h i+l JI+ s,+K2J iE2qi�,J kG,JqiJDJqy s�y p DJ�qiKq . /2E h i+l l2JJ lI+GHliD 1 DJKD lD+ x2LDJ lD+ �,JqiJDJqD KDqDioq kh,L iq 2ooD �+K2JiE2qi,JDJ |p+iK poDip DJ k liD iJs�y L iq � DlDL �,JqiJDJq KDJ2JJq hD+lDJ .
Gy �,iJ vI+ {,+LIoiD+IJK DiJD+ �~IEh2HopDliJKIJK� . nD+hDJlD �2pDooD o2JKI2KD sG,IJq+3kJ2L D kFD+GDJqy kv .C . s%� k �KD+L 2J� k Q�y .
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π �G,IJq+3 �

./

π �J2LD �

σ �G,IJq+3��%�� �
o2JKI2KD

o2JKI2KD

/D+ oiJ�D ~ Eq D+Kipq liD �2pDooD o2JKI2KD
J2LD
KD+L 2J-+DJGHiq2oi2J+,L 2JEGH

/ iDED h i+l L iq o2JKI2KD KD� ,iJq s�,iJ�~qq+ipIq
�J2LD�y k h,L iq KDJ2I liD � iJq+tKD 2IE o2JKI2KD|p+iKp oDip DJ k liD DiJD lD+ 2I-KD-|H+qDJ jF+2GHDJDJqH2oqDJ .ly $DJ2I 2ooD �tJlD+ k liD Dp DJ JiGHq 2I-KDvtHoq hI+lDJ z

\

ρ �G,lD→G,IJq+3 �

π[code]

G,IJq+3

C2IL r,J DpDJ

Dy �� Eq L 2J iJ LDH+D+DJ jGH+iqqDJ . � +Eq 2ooD jF+2GHDJ pDEqiLLDJ k liD J iGHq iJ %� KDEF+,GHDJhD+lDJ . /2E �+KDpJiE h i+l L iq o2JKI2KD KD� ,iJq k IJl |p+iK poDipDJ liD � iJq+tKD k liD J iGHq�EGHhDivD+ jF+2GHDJ pDEGH+Dip DJ . / iD �tJlD+ spvh . �2JlDEG,lDEy k iJ lDJDJ i+KDJlDiJD J iGHq�EGHhDivD+ jF+2GHD KDEF+, GHDJ h i+l k p D�,LLq L2J 2oE, -, oKDJlD+L 2EEDJ z
π �G,IJq+3 �

./

\

π �J2LD�
o2JKI2KD

π �J2LD�

σ �G,IJq+3��%�� �
o2JKI2KD

o2JKI2KD

C oDipq JIJ k liD �,LFoDL DJqL DJKD k DpDJ liD �tJlD+ iJ lDJDJ JI+ EGHhDivD+ jF+2GHDJ KDEF+,GHDJhD+lDJ k vI pDEqiLLDJ z
./

G,IJq+3
\

π �G,lD�
G,IJq+3

C2IL r,J DpDJ

,lD+ tuIir2oDJq \

G,IJq+3
./

G,IJq+3 C2IL r,J DpDJ

... EGH�JDE CDiEFiDo l2-|+ k h iD L 2J jIpuID+iDE iJ lD+ 0���� ��o2IEDo iJ lD+ ~ oKDp+2 lI+GH
�,iJ E +D2oiEiD+q .

- y �2ooD� � 2oE, L 2o h iDlD+ / iriEi,J .
π[country, name](language)

lI+GH liD 1 DJKD lD+ EGHhDivD+jF+2GHDJ liriliD+DJ . �p+iK poDipDJ liD �tJlD+ liD L iq 2ooDJ liDEDJ jF+2GHDJ KDJ2JJq hD+lDJ z



������ ��� 	 
� ��� 
����� O�

÷

π �G,IJq+3kJ2L D�
o2JKI2KD

π �J2LD�

σ �G,IJq+3��%���
o2JKI2KD

STUVWX Y � [�fWa_]c]^Y �! ��Yg $DKDp DJ EDi DiJD �Do2qi,J � s~ kCy . j�ivviD+DJ jiD DiJDJ ~oK,�+iqHLIE k lD+ k pDEqDHDJl 2IE �FD+2qi,JDJ lD+ +Do2qi,J2oDJ ~oKDp+2 IJl DiJD+ hHioD�jGHoDi-D k liDq+2JEiqirD �|ooD lD+ �Do2qi,J � pD+DGHJDq .
� iJhDiE z / iD q+2JEiqirD �|ooD DiJD+ �Do2qi,J

R
k p DvDiGHJDq 2oE

R∗
D+Kipq EiGH h iD -, oKq z p Dq+2GHqDv .C . DiJD �Do2qi,J

R(von, nach)
r,J {oIKrD+piJlIJKDJ .

R2 iEq l2JJ liD 1 DJKD 2ooD+ nD+piJlIJKDJ kliD |pD+ DiJD }h iEGHDJ o2JlIJK vIEq2JlD�,LLDJ k DqG �
Rn

EiJl 2oE, liD� DJ iKDJ k nD+piJlIJKDJ k liDEiGH 2IE
n �DiorD+piJlIJKDJ vIE2LLDJEDqvDJ . / iD IJDJloiGHD nD+DiJiKIJK

R ∪ R2 ∪ R3 ∪ ...
-|+

R → ∞
hi+l l2JJ 2oE

R∗
pDvDiGHJDq . &J DiJD+ DJloiGHDJ /2qDJp2EiE p DJ�qiKq L 2J JI+ DJloiGH riDoDjGH+iqqD IL liDED vI pD+DGHJDJ . � iJ 2JlD+DE p DoiDpqDE CDiEFiDo iEq liD 2IE

Kind(x, y)
pD+DGHJDqDn,+-2H+DJ��Do2qi,J .

*+,p oDL lD+ ~ oKDp+2 IJl j�� z � DlDE Rn
�2JJ 2IEKDl+|G�q hD+lDJ � 2pD+ liD p DoiDpiK K+,mD nD+�DiJiKIJK JiGHq . 1 2J hDim J iGHq k h, L 2J 2pp+DGHDJ E,oo .

�pD+
R(A, B)

E,oo l iD q+2JEiqirD �|ooD KDpiolDq hD+lDJ .
T
IJl

S
EiJl piJt+D �Do2qi,JDJ |pD+

AIJl
B
.

S := ∅
T := RhHioD

T − S 6= ∅
l,pDKiJ

S := T ;
T := T ∪ π[T.A, R.B](σ[T.B = R.A](T × R));DJl .

&J liDEDL *+,K+2LL DJqHtoq S
� DhDioE lDJ 0D+q r,J

T
2IE lD+ oDqvqDJ &qD+2qi,J lD+ jGHoDi-D . / iDCD+DGHJIJK DJlDq k hDJJ

S
IJl

T
|pD+DiJEqiLLDJ k l .H . htH+DJl lD+ vI oDqvq 2IEKD-|H+qDJ &qD+2qi,JhI+lDJ �DiJD hDiqD+DJ �IFDo L DH+ vI T

HiJvIKD-|Kq .


