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`abcde f g hijklm` ncjokpqrfls tOVOuOU PXUv wxOX y1uOZZOU PRSO[ 1Y1

R
TUv

S z
{| N }~|�}�|�\ ��� ��0N�� ~|�}�|�\ �\_�
�

� � t~|�}�|�\ ��� ~|�}�|�\ �\�� ~|�}�|�\ �\��
. XO |T,V1uO uOS1UvOZY v1P �+XU

R ./R.A=S.E S
-

)S2PX�1ZXPRSOP .1YOUu1U�PRSO[ 1 z
• �RSZ�PPOZ W+U R

XPY
(A, B) � �RSZ�PPOZ W+U S

XPY
(E, F )

-
•
.O* /O*YOu O*OXRS W+U

R.A
XPY V ZOXRS vO[ /O*YOu O*OXRS W+U

S.E � v -S - π[A](R) = π[E](S)
-

•
.XO yTQOZ W+U

R
PXUv XU u OZXOuXVO* �OXSOU,+ZVO VOPQ OXRSO*Y -

•
.XO yTQOZ W+U

S
PXUv P+ VOPQOXRSO*Y � v1PP yTQOZ [ XY vO[ POZu OU E�/O*Y uOU1RSu1*Y VOPQ OXRSO*YPXUv - � XUO xOXYO*VOSOUvO �*vUTUV O� XPYXO*Y UXRSY -

.1YOU z
• R
OUYS�ZY \ -___ -___ yTQOZ �� XUxOXP z vXOPO �RS*OXuxOXPO u OvOTYOY XU .OTYPRSZ1Uv � \ 0 XZZX+UOU�� -

• S
OUYS�ZY � -___ -___ yTQOZ -

•
.XO y1uOZZOU PXUv x XO �uZXRS POXYOUxOXPO 1uVOZOVY - � XUO �OXYO ���N� W+U R

OUYS�ZY ^__ yTQOZ �OXUO �OXYO W+U S
OUYS�ZY ]_ yTQOZ -

• �T � OvO[ /O*Y a
W+U | VXuY OP VOU1T \ yTQOZ

µ ∈ R � P+ v1PP µ[A] = a
XPY -

• �T � OvO[ /O*Y e
W+U � VXuY OP vT*RSPRSUXYYZXRS � yTQOZ

µ ∈ S � P+ v1PP µ[E] = e
XPY -

• �[ �1TQYPQ OXRSO* ��UUOU ^___ �OXYOU VZOXRSwOXYXV VOS1ZYOU xO*vOU -. XO |U,*1VO
π[A, B, F ](R ./R.A=S.E S)

P+ZZ u O*ORSUOY TUv v1P �*VOuUXP 1TPVOVOu OU xO*vOU -

` � ijkl alpfo �fo�fl alc fklf¡ ¢l f£f¡
•
�OS[OU �XO 1U � v1PP ,�* v1P |YY*XuTY S.E

OXU N
∗�N1T[ XUvO� 1UVOZOVY XPY � vOPPOU � XUY*�VO� OxOXZP 1T, v1P O*PYO yTQOZ [ XY vO[ OUYPQ*ORSOUvOU /O*Y W+U

S.E
wOXVOU -

•
��* vOU N

∗�N1T[ �uO* S.E
VXZY ,+ ZVOUvOP z �OvOP N Z1YY OUYS�ZY vT*RSPRSUXYYZXRS ^__ � XUY*�VO -�OvO* XUUO*O �U+YOU OUYS�ZY \__ � XUY*�VO -

�*1VOU z1� / XOWXOZO /O*YO OUYS�ZY
π[A](R)¤
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u� / XOWXOZO N Z�YYO* OUYS�ZY vO* N
∗�N1T[ �uO* S.E¤R� / XO WXOZO �uOUOU S1Y vO* N1T[ ¤/ XOWXOZO �U+YOU OUYS�ZY vO* N1T[ XUPVOP1[Y¤v� .XO |U,*1VO

π[A, B, F ](R ./R.A=S.E S)
P+ZZ u O*ORSUOY TUv 1[ NXZvPRSX*[ 1TPVOVOuOU xO*vOU -/ XOWXOZO �*VOuUXPYTQ OZ u O�+[[Y [1U¤O� NOPRS*OXu OU �XO � x XO vXO |TPxO*YTUV �TUYO* ~O*xOUvTUV vOP �UvO�OP� 1[ uOPYOU W+*VOSY -/ XOWXOZO � XUYO*V*TUvPQOXRSO*wTV*X�O 1T, vXO .1YOUu1U� xO*vOU uOU�YXVY¤�u OPRS*OXuOU �XO 1[ uOPYOU wTO*PY V*+u � x XO �XO W+*VOSOU � TUv 1U1Z2PXO*OU �XO v1UU vXO �TV*X�O��XUVOP1[Y ^_) �

1� � P PXUv ^-___ -___ �� OvO* /O*Y W+U
R.A
�+[[Y VOU1T wxOX[ 1Z W+*� /O*YO - �\) �

u� |TP
π[A](R) = π[E](S)

,+ZVY � v1PP OP XUPVOP1[Y ^-___ -___ WO*PRSXOvOUO /O*YO PXUv � 1ZP+ Ou OUP+�WXOZO � XUY*�VO X[ �UvO� - �x XO XU vO* |T,V1uOUuOPRS*OXuTUV 1UVOVOu OU P+ZZ � OxOXZP 1T, v1P O*PYOvO* SXUYO*OXU1UvO* 1uVOZOVYOU yTQOZ [ XY vO[ POZu OU /O*Y W+U
S.E
WO*x XOPOU xO*vOU � - .1[ XYuOU�YXVY [ 1U �^__�NZ1YY� ^_ -___ NZ�YYO* -

R� ^_ -___ N Z�YYO*
→
^_ -___�\__ � �_ �U+YOU 1T, O*PYO* �uOUO � vXO TUYO* OXUO* VO[ OXUP1[ OU /T*wOZS�UVOU -

.O* N1T[ S1Y v1[ XY \ XUUO*O �uOUOU P+x XO OXUO �uOUO [ XY N Z�YYO*U -
�UPVOP1[Y PXUv OP ^____��_� ^� ^__�^ �U+YOU -v� �OvOP

R�yTQOZ x X*v [ XY vT*RSPRSUXYYZXRS � S�yTQOZU �+[uXUXO*Y - .1P �*VOuUXP OUYS�ZY � -___ -___yTQOZ -
0 1U uOU�YXVY �OXUO .TQZX�1YOZX[ XUXO*TUV � v1 (A, B) �RSZ�PPOZ W+U R

XPY TUv
(A = E, F ) �RSZ�P�POZ W+U

S
XPY TUv P+[ XY �OXUO .TQZX�1YO u OX vO* |TPxO*YTUV OUYPYOSOU ��UUOU -

O� t*+uO* |uZ1T, z R vT*RSVOSOU � ,�* � OvOU /O*Y �uO* vOU �UvO� 1T, S
wTV*OX,OU � �*VOuUXPPO�vT*RSPRSUXYYZXRS �� UOS[ OU � π[A, B, F ]

v1*1T, 1UxOUvOU TUv vO[ �*VOuUXP S XUwT,�VOU -
�OXU1uZ1T, z0 1U ZXOPY O*PY[ 1Z vXO XUUO*OU �U+YOU vOP �UvO� OXU - � ^ �TV*X�O - . XOPO* x X*v X[[O* x XOvO* u O�U�YXVY � 1ZP+ x X*v O* X[ �1TQYPQ OXRSO* VOS1ZYOU - .1UU VOSY [ 1U R

POXYOUxOXPO vT*RS �XUPVOP1[Y\ -___ -___�^__�\_ -___� - ��* � OvOP yTQOZ x X*v 1T, vOU N1T[ �uO*
S.E
�X[ �1TQYPQOXRSO*� wTVO�V*X�OU � v1P OUYPQ*ORSOUvO NZ1YY 1TP vO[ �XUYO*V*TUvPQOXRSO* VOS+ZY � TUv v1[ XY v1UU 1T, S wT�VOV*X�OU - .+*Y ZXOVOU vXO vT*RSPRSUXYYZXRS � uOU�YXVYOU yTQOZ SXUYO*OXU1UvO* - NOX ]_ yTQOZU Q*+

�OXYO S1Y [1U vT*RSPRSUXYYZXRS XU � OvO[ wx1UwXVPYOU �TV*X� �NOVXUU uOX yTQOZ �� ��� �]_� OXUOU�Q*TUV 1T, vXO U�RSPYO �OXYO - .1[ XY [TPP [1U XUPVOP1[Y 2, 000, 000 · (1+1+0.05) = 4.100.000[1Z 1T,
S��OXYOU wTV*OX,OU - �� XUxOXP z v1 π[A](R) = π[E](S)

VXZY � XPY � OvO* VOPTRSYO /O*Y [ XU�vOPYOUP OXU[ 1Z XU
S
W+*S1UvOU -�

�.1
S
XUPVOP1[Y � -___ -___�]_�]] -]]� �OXYOU S1Y � �1UU [ 1U UXRSY v1W+U 1TPVOSOU � v1PP �wT,�Z�ZXV� vXO uOU�YXVYO �OXYO [ XY vOU N1T[uZ�YYO*U +vO* vOU yTQOZU 1TP S VO*1vO U+ RS X[ �1TQYPQOX�RSO* ZXOVY � XU vO[ PXRS UOuOU vOU QO*[1UOUYOU � ^ �UvO���OXYOU U+ RS vXO VO*1vO WO*1*uOXYOYOU

R��OXYO uO�UvOY -.1 vXO �*VOuUXPPO vX*O�Y 1TPVOVOuOU xO*vOU P+ZZOU �TUv �OXUO .TQZX�1YOZX[ XU XO*TUV U+YxOUvXVXPY� � XPY �OXU xOXYO*O* �TV*X� wT[ |uZOVOU U+YxOUvXV ��OXYOUxOXPO |uPQOXRSO*TUV z |UU1S[Ov1PP �_ yTQOZ 1T, OXUO �OXYO Q1PPOU � x�*vO [ 1U xOXYO*O \__ -___ �TV*X�O S1uOU� -
�UPVOP1[Y 1ZP+ �^�\_ -___�� -^__ -___ � � -^\_ -_�^ �TV*X�O -

� � � d¡qmijkl �UYO*PTRSOU �XO vXO |UxOUvTUV OXUOP �1PS��+XUP �uO* R.A
uwx -

S.E
T[

π[A, B, F ](R ./R.A=S.E S)
wT uO*ORSUOU -

1� �UYO*PTRSOU �XO wTO*PY vOU U1XWOU |UP1Yw � vXOP wT YTU -
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u� �QYX[ XO*OU �XO vXO |U,*1VO wTO*PY 1ZVOu*1XPRS TUv �uO*ZOVOU �XO PXRS v1UU OXUO U1SOZXOVOUvO�QYX[ XO*TUV -
1� �1PSOU W+U

R
U1RS OXUO* �1PS,TU�YX+U

f(A)
-

f
P+ VOx�SZY � v1PP � OvO )1*YXYX+U \__ �OXYOU T[ ,1PPY � 1ZP+ S1Y [ 1U R1 - ^__ �1PSxO*YO �S [TPPVOU1TP+ VOS1PSY xO*vOU � TUv XPY [ OS* 1ZP v+QQOZY P+ V*+PP - �1RSSO* x XZZ [ 1U wTP1[[OUQ1PPOUvO)1*YXYX+UOU X[ �1TQYPQOXRSO* S1ZYOU �+OUUOU � uOX O*x1*YOYOU \__�]]] �OXYOU �P -T -� XPY [ 1U 1T,vO* PXRSO*OU �OXYO � -0 1U ,�UVY 1ZP+ wT 1ZZOU ^__ �1PSxO*YOU OXUO �OXYO X[ �1TQYPQ OXRSO* 1U � TUv xOUU vXOPO W+ZZ XPY �x X*v PXO XU vOU �XUYO*V*TUvPQ OXRSO* TOu O*Y*1VOU TUv OXUO UOTO �OXYO u OV+UUOU - .1 vXO ZOYwYO�OXYO � OvO* �1PS�)1*YXYX+U vT*RSPRSUXYYZXRS wT �_� W+ZZ XPY � [TPP [ 1U v1[ XY *ORSUOU � [ 1�X[ 1Z\_ ^__ �OXYOU wT uOU�YXVOU -��*

R z \ -___ -___ yTQOZ W+U \_ -___ �OXYOU 1T, \_ ^__ �OXYOU WO*YOXZOU z �_ ^__ �TV*X�O - .1PPOZu O ,�*
S
�]_ yTQOZ Q*+ �OXYO � XUPV - ]] -]]� �OXYOU � � [ XY f(E)

O*VXuY ]]�]] �OXYOU z ^�� -��� �OXYOUwTV*X�O -.1UU vXO NTR�OYP Q11*xOXPO vT*RSVOSOU � X[ �1TQYPQOXRSO* [ XYOXU1UvO* WO*�U�Q,OU � TUv �*�VOuUXPPO 1TPVOuOU - \_ -^__�]] -�]]��] -�]] �TV*X�O - � *VOuUXP x X*v x XOvO* P+,+*Y 1TPVOVOu OU -
�T[[O z �_ ^__ � ^����� � �] -�]] � \�^�_� �TV*X�O -u � . XO |U,*1VO �1UU wT

π[A, B, F ](π[A, B](R) ./R.A=S.E S)
T[VO,+*[Y xO*vOU -

. XO )*+� O�YX+U �1UU [ 1U uOX[ �1PSOU vT*RS,�S*OU � TUv P+ [ OS* yTQOZ Q*+ NTR�OY��OXYO 1u�ZOVOU -
�RS�YwTUV vO* yTQOZV*��OU zNOX

R(ABC)
Q1PPOU ^__ yTQOZ XU �_�] �N - ) Z1Ywu Ov1*, OXUOP yTQOZP XPY [ 1�X[ 1Z

1 + 3 + 1 +
6 + 1 + 20 = 32

N2YO �� OxOXZP ^ N2YO ,�* vXO ��UVO vOP ~1*RS1* � v1UU vXO �OXRSOU�OYYO POZu O*� -.O* �OPY XPY ~O*x1ZYTUVPXU,+*[ 1YX+U vO* �OXYO ��__ N2YO� -NOX
S(EFG)

Q1PPOU ]_ yTQOZ XU �_�] �N - ) Z1Ywu Ov1*, OXUOP yTQOZP XPY [ 1�X[1Z
1 + 3 + 1 +

25 + 1 + 25 = 56
N2YO � vO* �OPY XPY x XOvO* ~O*x1ZYTUVPXU,+*[1YX+U vO* �OXYO ��__ N2YO� -� XU 1T,

R(A, B)
Q*+� XwXO*YOP yTQOZ uOU�YXVY UT* U+ RS ^^ N2YO � x+[ XY [1U R1 - �__ Q*+� XwXO*YOyTQOZ 1T, OXUO* �OXYO PQOXRSO*U �1UU - � XU S(E, F )�yTQOZ uOU�YXVY �_ N2YO � TUv [1U �1UU R1 -^\_ Q*+� XwXO*YO yTQOZ 1T, OXUO* �OXYO PQ OXRSO*U -NOX[ �1PSXUV xO*vOU 1ZP+

5.000+100
�~O*PRSUXYY �

Rhash��OXYOU TUv 33.333+100 Shash��OXYOUVO,�ZZY -
.1UU vXO NTR�OYP Q11*xOXPO vT*RSVOSOU � X[ �1TQYPQOXRSO* [ XYOXU1UvO* WO*�U�Q,OU � TUv �*�VOuUXPPO 1TPVOuOU -

5.100 + 33.433 = 38533 �TV*X�O - �*VOuUXP x X*v x XOvO* P+,+*Y 1TPVOVOuOU -
�T[[O z 20.000 + 5.100 + 66.667 + 33.433 + (5.100 + 33.433) = 163733 �TV*X�O -

`abcde f � h��pkr kfoalc � `ab�dl ¡de¡	q
p�alc h��
 ss tOVOuOU POX ,+ ZVOUvOP .1YOUu1U��PRSO[ 1 �|TPwTV 1TP 0+UvX1Z�
������� ���� � � ���� � ��� ���� � ��� �� !� � "��� � ������� ��� #
�$� ��%�� �&�'�� �(�� ��� � ������� � )���#

�+*[TZXO*OU �XO vXO ,+ZVOUvOU |U,*1VOU XU �*� z1� /OZRSO ��UvO* PXUv 0 XYVZXOv XU [OS* 1ZP ]_ �*V1UXP1YX+UOU¤u� /OZRSO ��UvO* [ XY OXUO* �Z�RSO W+U [OS* 1ZP �_____ �[
2
PXUv 0 XYVZXOv XU [OS* 1ZP ]_ �*V1�UXP1YX+UOU¤�UYO*PTRSOU �XO u OX vO* \ - yOXZ1T,V1uO vOU |T,x1Uv �|Uw1SZ � XUYO*V*TUvPQOXRSO*wTV*X�O � ~O*VZOX�RSO wT* |TP,�S*TUV vOP �+XU � ~O*VZOXRSO wT[ yOPY vO* �Z�RSO� - |U xOZRSOU �YOZZOU x�*O OXU �N1T[�+vO* 1UvO*O*� �UvO� U�YwZXRS¤ �UYO*PTRSOU �XO 1TRS ,�* vXOPOU �1ZZ vOU |T,x1Uv -��UUOU �XO �S*O |U,*1VO +QYX[ XO*OU � T[ v1[ XY vOU |T,x1Uv xOXYO* wT *OvTwXO*OU¤
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1� /OZRSO ��UvO* PXUv 0 XYVZXOv XU [OS* 1ZP ]_ �*V1UXP1YX+UOU¤�����) !������
��&� �$� ��%��
��&�� �	 !������

"� ��� !���� �
# � ��

u� /OZRSO ��UvO* [ XY OXUO* �Z�RSO W+U [OS* 1ZP �_____ �[
2
PXUv 0 XYVZXOv XU [OS* 1ZP ]_ �*V1�UXP1YX+UOU¤�1SOZXOVOUvPYO ��PTUV z /������ Z1TPOZ � T[ W+* vO* t*TQQXO*TUV wT POZO�YXO*OU -�����) !������

��&� �$� ��%��
�
��� �$���!� ����

���� !������
����� !���� �$� ��%�� �!������ # � ������

��&�� �	 !������

"� ��� !���� �
# � ��
|T,x1UvPu OY*1RSYTUV z ��* � OvO vO* �___ 0 XYVZXOvPRS1,YOU x X*v �uO*Q*�,Y � +u v1P uOY*O�OUvO�1Uv V*�PPO* 1ZP �_____ �[

2
XPY -

�1ZZ ^z �OXU �UvO� 1T, R+TUY*2- | ZP+ x X*v ZXUO1* vXO VOP1[YO y1uOZZO R+TUY*2 vT*RSPTRSY - |T,�x1Uv z 8.000 · 240 = 1.920.000
~O*VZOXRSO W+U !�����$� ��%�� �!������ TUv �___ �Z�RSOUYOPYP -

�1ZZ \ z N1T[ ��UvO� 1T, R+TUY*2-R+vO �y1,OZuXZv� - .1UU x X*v ,�* � OvO vO* 0 XYVZXOvPRS1,YOU �uO*vOU N1T[ wXOZPXRSO* 1T, v1P OUYPQ*ORSOUvO R+TUY*2�yTQOZ wTVOV*X�OU TUv vXO �Z�RSO VOYOPYOY��___ yOPYP� �.1PPOZu O VXZY 1TRS ,�* OXUOU �1PS��UvO� � -��pkr kfoalc � vO* �Z�RSOUYOPY x X*v w -N - ,�* .OTYPRSZ1Uv ]� [1Z vT*RSVO,�S*Y � ,�* � OvO 0 XY�VZXOvPRS1,Y OXU[ 1Z - � P x�*O O� wXOUYO* � ���� U1RS �R+TUY*2� wT V*TQQXO*OU � TUv vOU yOPY v1UUUT* ,�* � OvO t*TQQO OXU[1Z vT*RSwT,�S*OU z
�����) !������
��&� �$� ��%��
��&�� �	 !������

"� ��� !���� �
# � ��
��� �$���!� ����

���� !������
����� !�����$� ��%�� �!������ # � ������

.1[ XY z �___ yTQOZ 1TP XP[ O[uO* WO*S1PSOU � \�_ t*TQQOU � u OX v1UU PO�TOUYXOZZO* �TRSO XUR+TUY*2 U+ RS
240 · 240 = 57600

~O*VZOXRSO W+U !�����$� ��%�� �!������ TUv \�_ �Z�RSOUYOPYP �uOX ~+*S1UvOUPOXU OXUOP �UvO� UT* U+RS �+PYOU ,TO* vXO �TRSO �N1T[ +vO* �1PS� P+x XO UT*U+ RS \�_ �Z�RSOUYOPYP -
`a¡�fopalc  fo �jalpm� f klcalc ��1Y�*ZXRS wTO*PY � xOUU [ 1U vXO t*TQQOU VOuXZvOY S1Y - � P uZOXuOU v1UU [ 1�X[1Z 8000/60 =
133.33 � 1ZP+ ^�� t*TQQOU ��}+TUY*XOP� �u*XV - | ZP+ uOX �UvO� 1T, !������ �!��� UT* U+ RS�+PYOU ,TO* vXO �TRSO P+x XO ^�� �Z�RSOUYOPYP - fkpfof klpfolf dncjokpqr k¡	qf ��pkr kfoalc �NOX vO* |TPxO*YTUV W+U t���) N! xX*v vO* �US1ZY vO* XP[O[uO*�y1uOZZO P+x XOP+ V*TQQXO*Y�P+*YXO*Y +vO* VOS1PSY � +vO* wT[ XUvOPY OXU Q1PPOUvO* �UvO� O*PYOZZY � -/OUU [ 1U OXUOU �UvO� �N1T[ +vO* �1PS� �uO* R+TUY*2-R+vO S1Y � ,�S*Y [ 1U v1P t���) N!�uO* XP[O[uO* Q1PPOUv vT*RS TUv �1UU v1UU vOU 1*O1�yOPY 1TRS 1ZP 0 O*VO 1uZ1T,OU Z1PPOU �x+uOX Q1*1ZZOZ vXO t*TQQOU TUv vXO N Z�YYO* vOP �UvO�u1T[OP uwx - vXO �1PS��1RSOZU vT*RSZ1T,OUxO*vOU -
"l  lj 	q fkl �	qokpp e f¡¡fo �
�$� ��%�� �!������ XPY OXU ,+*OXVU �O2� [ 1U �1UU 1ZP+ 1UUOS[ OU � v1PP v1*�uO* u O*OXYP OXU �UvO�
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O� XPYXO*Y � vO* vXO t*TQQXO*TUV uO*OXYP �u O*UX[[Y - | ZP+ �1UU [ 1U vXO N Z�YYO* vOP �UvO� ZXUO1*vT*RSVOSOU � TUv O*PY[ 1Z ,�* � OvOP �1Uv PRS1TOU � x XOWXOZO �O,O*OUwOU XU vXO N1PXPY1u OZZO ��0XYVZXOvPRS1,YPOXUY*�VO� v+*Y 1UVOZOVY PXUv - �XUv OP [ XUvOPYOUP ]_ � P+ u OS�ZY [ 1U vOU �1UvOP�R+vO � TUv V*OX,Y v1[ XY vX*O�Y �Ou O* vOU Q*X[ 1*2��O2��UvO� W+U }+TUY*2 1T, v1P OUYPQ*ORSOUvOyTQOZ wT � PRS1TY +u ���� > ������ XPY � TUv VXuY vOU �1UvOPR+vO VV, - 1TP -
|T,x1Uv z .O* �UvO� �$� ��%�� �!������ uOPYOSY UT* 1TP OXUO[ /T*wOZ�U+YOU TUv WXOZZOXRSY \_N Z�YYO*��OXYOU �vXO wTP1[[OU vXO �___ �O,O*OUwOU WO*YOXZY 1T, \�_ }+TUY*2�� XUY*�VO u OXUS1Z�YOU � - . XO \�_ }+TUY*2�� XUY*�VO vT*RSZ1T,OU � v1W+U uZOXu OU < 133

��___�]_� �u*XV � ,�* vXOPOvOU �
 	�� �� ��

���UvO� vT*RSPTRSOU �[ 1� - \ �uOUOU � � �OXYOU � � PRSZX[[ PYOU,1ZZP ^�� �TV*X�O1T, vXO N1PXPY1u OZZO [ 1RSOU �x+uOX vXOP W+ZZ�+[[OU TU*O1ZXPYXPRS XPY � v1 vXO }+TUY*2�y1uOZZOUT* OXU Q11* �OXYOU uOU�YXVY � -0 1U [TPP 1ZP+ XUPu OP+UvO*O V1*UXRSY 1T, vXO XP[ O[uO*�y1uOZZO wTV*OX,OU -� XUxOXPO z
• �uZXRSO*xOXPO x X*v 1TY+[ 1YXPRS OXU �UvO� �uO* 1ZZO �RS Z�PPOZ P+x XO �*O[ vPRSZ�PPOZ O*wOTVY � v1vXOPO S�T�V ,�* �+XUP TUv �OZO�YX+UOU uOU�YXVY xO*vOU -
•
NOX vO* |TPxO*YTUV �1UU OXU .N� 1TRS YO[Q+*�* OXUOU �UvO� O*PYOZZOU -

`abcde f � h� flcflj� fodpkjlfls �OXOU R(X̄), S(X̄) �RSO[ 1Y1 TUv Ȳ ⊆ X̄
- �OXVOU �XO +vO*x XvO*ZOVOU �XO zds

π[Ȳ ](R ∪ S) = π[Ȳ ](R) ∪ π[Ȳ ](S)e s
π[Ȳ ](R ∩ S) = π[Ȳ ](R) ∩ π[Ȳ ](S)	s �,1ZZP |U,*1VO+QYX[ XO*TUV TUv XUYO*UO |TPxO*YTUV XU vO* ~+*ZOPTUV uO*OXYP uOPQ*+ RSOU xT*vOU� zx XO xO*vOU vXO � OxOXZXVOU |TPv*�R�O 1[ O� wXOUYOPYOU 1TPVOxO*YOY¤

ds �P VXZY t ZOXRSSOXY z
π[Ȳ ](R ∪ S) = {µ ∈

yTQ
(Ȳ )|
OP VXuY

ν ∈ R ∪ S
P+ v1PP

µ = π[Ȳ ](ν)}
= {µ ∈

yTQ
(Ȳ )|
OP VXuY

ν1 ∈ R
P+ v1PP

µ = π[Ȳ ](ν1)}+vO* OP VXuY
ν2 ∈ S

P+ v1PP
µ = π[Ȳ ](ν2)}

= {µ ∈
yTQ

(Ȳ )|µ ∈ π[Ȳ ](R)
+vO*

µ ∈ π[Ȳ ](S)}
= π[Ȳ ](R) ∪ π[Ȳ ](S)e s .XOPO tZOXRSTUV VXZY UXRSY z NOY*1RSYO

R
A B
a 1
a 2
b 4
c 5
d 7

S
A B
a 2
a 3
b 4
c 6
e 8

R ∩ S
A B
a 2
b 4

π[Ā](R)
A
a
b
c
d

π[Ā](S)
A
a
b
c
e

π[Ā](R) ∩ π[Ā](S)
A
a
b
c

c
XPY X[ �*VOuUXP OUYS1ZYOU � +ux+SZ OP XU R

TUv XU
S
[ XY TUYO*PRSXOvZXRSOU /O*YOU ,�*

B
1T,Y*XYY -

�OX Z̄ := X̄ \ Ȳ
-
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π[Ȳ ](R ∩ S) = {µ ∈
yTQ

(Ȳ )|
OP VXuY

ν ∈
yTQ

(Z̄)
P+ v1PP

µν ∈ R ∩ S}
= {µ ∈

yTQ
(Ȳ )|
OP VXuY

ν ∈
yTQ

(Z̄)
P+ v1PP

µν ∈ R
TUv

µν ∈ S}.

π[Ȳ ](R) ∩ π[Ȳ ](S) = {µ ∈
yTQ

(Ȳ )|µ ∈ π[Ȳ ](R)
TUv

µ ∈ π[Ȳ ](S)}
= {µ ∈

yTQ
(Ȳ )|
OP VXuY

ν1 ∈
yTQ

(Z̄)
P+ v1PP

µν1 ∈ R
TUvOP VXuY

ν2 ∈
yTQ

(Z̄)
P+ v1PP

µν2 ∈ S}�XO*uOX �1UU
ν1 6= ν2

POXU -
	s NOX 0 OUVOU+QO*1YX+UOU �.TQZX�1YOZX[ XU XO*TUV � uOX �RSUXYY[ OUVO TUv 0OUVOUvX�O*OUw 1TRS�TRSO� uXOYOY OP PXRS 1U � OXUOU �UvO� �N1T[ +vO* �1PS� wT* �1T,wOXY 1UwTZOVOU -1� �uO*

R
XYO*XO*OU � � OvOP yTQOZ Q*+� XwXO*OU TUv �*VOuUXP XU �UvO� OXU,�VOU - .1UU �uO* SXYO*XO*OU � � OvOP yTQOZ Q*+� XwXO*OU TUv �*VOuUXP OXU,�VOU - | ZZOP wTP1[[OU 1TPZOPOU � XUvO[ vXON Z�YYO* vO* �UvO�O PO�TOUYXOZZ x XO u OX 0 O*VO��+*Y Q1*1ZZOZ vT*RSZ1T,OU xO*vOU �xOUU vO* �UvO�1ZP �1PS *O1ZXPXO*Y XPY z vXO )1*YXYX+UOU TUVO+*vUOY vT*RS Z1T,OU � VZOXRSOP [TPP x XO uOX[ 0O*VO��+XU XU VOVOU�uO*ZXOVOUvOU )1*YXYX+UOU ZXOVOU� - �1ZZP u O*OXYP OXU �UvO� �uO* R[Ȳ ]

+vO*
S[Ȳ ]

XUvO* .1YOUu1U� O�XPYXO*Y � �1UU [ 1U PY1YY �YO*1YX+U �uO* vXO yTQOZ vX*O�Y �uO* vXO �UvO�OXUY*�VOXYO*XO*OU -
|R| · (1 +

XUvO�YXO,O
) + |S| · (1 +

XUvO�YXO,O
) + |
�*VOuUXP

|u� �uO*
R
XYO*XO*OU � � OvOP yTQOZ XU �UvO� OXU,�VOU � �uO* S

XYO*XO*OU � � OvOP yTQOZ X[ R��UvO�PTRSOU � VO,TUvOUO yTQOZ Q*+� XwXO*OU TUv v1P �*VOuUXP XU OXUOU �*VOuUXP��UvO� OXU,�VOU - �TZOYwYvXOPOU 1TPVOuOU �.TQZX�1YO v1uOX VV, - OUY,O*UOU � -
|R| · (1 +

XUvO�YXO,O
) + |S| · (1 +

XUvO�YXO,O
) + |R ∩ S| · (1 +

O*VOuUXPXUvO�YXO,O
) + |
�*VOuUXP

|


