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BCDE*CFGHIJ K+*1HDDLFGMNLFG 1O P-PQ -QRRS
TUVWXY Z [ \] ^_ ^`^ab c ^d eX`^`af ZgXd^abZb h BCiCLDCI jLC k l1m lLC LI lC* n+*NCDHIJ 1IJCoCIC.1*DMCNNHIJ lC* . LKLDL+I lH*FG *CN1ML+I1NC B1DLD+E C*1M+*CI 1ND

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)

O LM
r(X)
k
s(Y )

HIl
Z = X \ Y pqHLK1NCIM rH lC* JCJCo CICI .CsILML+I

r ÷ s = {µ ∈ t	u(Z) | {µ} ./ s ⊆ r}

LDM -
nC*1IDFG1HNLFGCI jLC DLFG vG*C woC*NCJHIJCI 1IG1Il lCD BCLDELCND xyCoCI jLC lLC z1OCI lC*{ CILJCI|*J1ILD1ML+ICI 1I k lLC 1H, { ClCO }+IMLICIM O LIlCDMCID CLI 0 LMJNLCl G1oCI~ -
z1FG .CsILML+I lC* . LKLDL+I LDM

r ÷ s = {µ ∈ t	u(Z) | {µ} ./ s ⊆ r} (∗)

BCM*1FGMC
r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)

︸ ︷︷ ︸

(∗∗∗)

(∗∗)

vO BCLDELCN LDM
r
lLC 0 CIJC 1NNC* )11*C

(org, cont)
D+ l1DD |*J1ILD1ML+I

o
CLI 0 LMJNLCl 1H, }+IMLICIM

cont
G1M -

s
LDM lLC 0 CIJC lC* �z1OCI lC*� }+IMLICIMC -

r ÷ s
LDM l1D JCDHFGMC �*JCoILD -

vO 1NNJCO CLICI �1NN �r -B - x --- 1H, 1NNCI }+IMLICIMCI O LM OCG* 1ND PR -RRR -RRR �O2 �NpFGC~� �1II
r
1HFG �HECN O LM

Y �/C*MCI �}+IMLICIMCI� CIMG1NMCI k lLC LI {µ} ./ s
ILFGM JC,+*lC*M iC*lCI - . LC. LKLDL+I E*�,M IH* k +o lLC JC,+*lC*MCI }+OoLI1ML+ICI K+*G1IlCI DLIl -

�ag��gd`Y Z�Z^`
�P�

(∗∗) ⊆ (∗) � }+**C�MGCLM lCD �HDl*HF�D - � NNC �*JCoILDDC C*,�NNCI lLC �G1*1�MC*LDLC*HIJ �jCL
µ ∈ (∗∗)

-
µ
LDM 1ND+ LI

π[Z](r)
k 1ND+

∈ t	u(Z) � D+iCLM I LFGM o CD+IlC*D LIMC*CDD1IM -vIMC*CDD1IMC* LDM lC* riCLMC �CLN k lC* 1HDD1JM k l1DD
µ
ILFGM LI

π[Z]((π[Z](r) ./ s) − r)
LDM -

µLDM 1ND+ �CLI
Z��HECN �LO BCLDE LCN � �CLIC |*J1ILD1ML+I � k D+ l1DD o CL ({µ} ./ s) − r

CLI �CDM�o*LJoNCLoM - . -G -k
{µ} ./ s ⊆ r

k HIl l1O LM LDM
µ
CLI �HECN k l1D

(∗)
C*,�NNM -

�Q�
(∗) ⊆ (∗∗) � n+NNDMpIlLJ�CLM lC* �G1*1�MC*LDLC*HIJ � �*JCoILD CIMGpNM 1NNC JC,+*lC*MCI /C*MC �jCL

µ
CLI �HECN �o C*

Z
�BCLDELCN � CLIC |*J1ILD1ML+I � k µ ∈ (∗)

k 1ND+
{µ} ./ s ⊆ r

-
.1O LM +�CIDLFGMNLFG

µ ∈ π[Z](r) � { CMrM 1ND+ I+ FG rH rCLJCI k l1DD µ ILFGM LI µ 6∈ (∗∗∗)
LDM -

�HD
{µ} ./ s ⊆ r

,+ NJM k l1DD
({µ} ./ s) − r

NCC* LDM - .1O LM LDM 1HFG
µ
ILFGM LI

π[Z]((t ./ s) − r
k,�* o CNLCoLJC 0CIJCI

t ⊆ t	uZ k 1ND+ I LFGM LI (∗∗∗)
-
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� LIiCLD � 0 1I ��IIMC 1IDMCNNC (∗∗)
1HFG

r ÷ s = π[Z](r) − π[Z]((t	u(Z) ./ s) − r)
︸ ︷︷ ︸

(∗∗∗)

(∗)

DFG*CLo CI - .1O LM O�DDMC O 1I 1NNC*lLIJD CLIC HICIlNLFGC 0CIJC K+I /C*MCI �oC*E*�,CI - .H*FGlLC � LIDFG*pI�HIJ 1H, π[Z](r)
C*GpNM O 1I CLIC CIlNLFGC �HDJ1IJDO CIJC - �vO BCLDELCN CIMDE*pFGCt	u(Z)

lC* 0 CIJC 1NNC* O �JNLFGCI �CLFGCI�CMMCI 1ND z1OCI K+I |*J1ILD1ML+ICI k lLC ILFGM O LM{ ClCO }+IMLICIM LI
r
1H,M*CMCI � I1M�*NLFG �+OOCI l1oCL 1ND �IMi+*MCI IH* D+NFGC LI �*1JC klLC LI

π[Z](r)
�oC*G1HEM CIMG1NMCI DLIl� -

T �dZgbXd^_Z � � ^�Zg`fgU��`Y Z�Z^` �KC*iCIlCM LO )*LIrLE I1M�*NLFG lLCDCNo C �*JHOCIM1ML+I � ��P�
(∗∗) ⊆ (∗) � }+**C�MGCLM lCD �HDl*HF�D - � NNC �*JCoILDDC C*,�NNCI lLC �G1*1�MC*LDLC*HIJ �jCL

µ ∈ (∗∗)
-

�II1GOC � µ 6∈ (∗)
k l -G -

{µ} ./ s 6⊆ r
-

.1II JLoM CD 1ND+ CLI
ν ∈ s

k D+ l1DD
µν 6∈ r

-
µ ∈ π[Z](r)

I1FG }+IDM*H�ML+I K+I
(∗∗)jFG1HCI i L* HID i LClC*

(∗∗∗)
1I � .1 µ ∈ π[Z](r)

LDM k LDM
µν ∈ π[Z](r) ./ s

HIl { 1
/∈ r
k 1ND+

µν ∈ (π[Z](r) ./ s) − r
HIl l1O LM

µ = π[Z](diesem) = (∗∗∗)
-

/+O LM
µ
ILFGM LI

(∗)
LDM - / LlC*DE*HFG rH* n+*1HDDCMrHIJ -

�Q�
(∗) ⊆ (∗∗) � n+NNDMpIlLJ�CLM lC* �G1*1�MC*LDLC*HIJ � �*JCoILD CIMGpNM 1NNC JC,+*lC*MCI /C*MC �jCL

µ ∈ (∗)
k 1ND+

{µ} ./ s ⊆ r
- ��* 1NNC

ν ∈ s
LDM 1ND+

µν ∈ r
-

.1O LM 1ND+ C*DMO 1N
µ ∈ π[Z](r)

-
�H rCLJCI � µ 6∈ (∗∗∗)

-
�II1GOC � µ ∈ (∗∗∗) � 1ND+ JpoC CD CLI ν′

k D+ l1DD
µν′ ∈ (π[Z](r) ./ s) − r

LDM - .C* �IMCLN
π[Z](µν′)

LDM JC*1lC
µ
k 1ND+ O�DDMC

ν′ ∈ s
DCLI k l1O LM lLCD C*,�NNM LDM k HIl

µν′ /∈ r � LO/ LlC*DE*HFG rH +oCI -
� ND+

µ ∈ (∗∗)
-

TUVWXY Z � \��U^_X �Zb�Zb � �a^b � ]^_^`^ab � ]^�ZgZb�h jCLCI
R(X), S(Y )

�CN1ML+ID�jFGCO 1M1 -�CLJCI +lC* i LlC*NCJCI jLC �
�1� jCL

X ∩ Y = ∅
-

(R ./ S) ÷ S ≡ R.

�o � jCL
X = Y

HIl
Z ⊆ X

-
π[Z](R − S) ≡ π[Z]R − π[Z]S.

�rH 1� z1FG n+*1HDDCMrHIJ DLIl
R(X)

HIl
S(Y )

�CN1ML+ICI k lLC �CLI JCO CLID1O CD �MM*LoHM G1oCI -.1O LM JLNM
(X ∪ Y ) − Y = X

-
BCG1HEMHIJ � l1II JLNM � (R ./ S) ÷ S = R

.CsILML+I lC* . LKLDL+I � jCL Y ⊂ X
k
Z = X − Y

-

r ÷ s = {µ ∈ t	u(Z) | {µ} × s ⊆ r} = π[Z](r) − π[Z]((π[Z](r) × s) − r).
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(R ./ S) ÷ S
�CLIC JCO CLID1O CI �MM*LoHMC

= (R × S) ÷ S
.CsILML+I lC* . LKLDL+I

= π[X ](R × S) − π[X ]((π[X ](R × S) × S) − R × S)
= R − π[X ]((R × S) − (R × S))
= R − π[X ](∅)
= R

�rH o�
π[Z](R − S) 6= π[Z](R) − π[Z](S)BDE �jCL

X = Y = {A, B}
HIl

Z ⊆ X = {A}

R� B
P Q

S� B
P �

π[A](R − S) = ∅
�l1 DFG+I

R − S = ∅
LDM� k HIl

π[A](R) − π[A](S) = {(A : 1)}

TUVWXY Z � \�UdZg �a^bh BCiCLDCI +lC* i LlC*NCJCI jLC +o l1D |HMC* �+LI �1� �+OOHM1MLK HIl�o� 1DD+rL1MLK LDM -
1� � D LDM �+OOHM1MLK - jCL

R(X)
k
S(Y )

k
X0 := X − (X ∩ Y ) Y0 := Y − (X ∩ Y )

-
R A./@ S = (R ./ S) ∪ ((R \ (R �< S)) × (Y0 : null) ∪ ((S \ (S �< R)) × (X0 : null)

./
LDM �+OOHM1MLK k

∪
1HFG

= (S ./ R) ∪ ((S \ (S �< R)) × (X0 : null) ∪ ((R \ (R �< S)) × (Y0 : null)
= S A./@ R01I �1II CD I1M�*NLFG 1HFG MHECNiCLDC O LM

µ ∈ R A./@ S
JCI1H l1II iCII

1�
µ ∈ R ./ S

k + lC*o �
π[X ](µ) ∈ R

HIl
π[X ∩ Y ](µ) /∈ π[X ∩ Y ](S)

HIl
π[Y0](µ) = nullY0

k + lC*F�
π[Y ](µ) ∈ S

HIl
π[X ∩ Y ](µ) /∈ π[X ∩ Y ](R)

HIl
π[X0](µ) = nullX0O1FGCI k LIlCO O1I lLC .CsILML+I C�E1IlLC*M HIl HO,+*OM -

o � � D LDM LO 1NNJCO CLICI ILFGM 1DD+rL1MLK �
�
T e
a x

�
e �

x 1

	
e �

x 2

(S A./@ R)[A, B, C] = {(a, x, 1)},
(S A./@ R)[A, B, C] A./@ T [B, C] = {(a, x, 1), (null, x, 2)},

(R A./@ T )[A, B, C] = {(a, x, 2)},
S[B, C] A./@ (R A./@ T )[A, B, C] = {(null, x, 1), (a, x, 2)}

TUVWXY Z 
 \T �WZYgX � � ^b^c X �Z� Ub� � X
 ^c X �Z Tb�X�� _ab 	Uf Z �bh .LC �CN1ML+ICI
R(X̄)HIl

S(Ȳ )
CIMG1NMCI

n
ori -

m
�HECN - / LC J*+m LDM lLC O 1� LO 1NC HIl O LILO 1NC �Ir1GN K+I �HECNI klLC l1D �*JCoILD ,+ NJCIlC* |EC*1ML+ICI �oCL JCCLJICMCI

X̄, Ȳ
� CIMG1NMCI �1II�

1�
R ∪ So�
R ./ SF�
σ[C](R) × S

k ,�* CLIC BClLIJHIJ
C
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l�
π[Y ](R) − SC�
R ÷ S

1� O 1� � n + m
��CLIC JCO CLID1O CI �HECN�

O LI � max{n, m}
��CLNO CIJCIoCrLCGHIJ�

o� O 1� � n∗m
k iCII CIMiClC*

X̄ ∩ Ȳ = ∅
+lC* LO I1M�*NLFGCI �+LI { ClCD �HECN

R
O LM { ClCO �HECN1HD

S
1H, lCI JCO CLID1O CI �MM*LoHMCI

X̄ ∩ Ȳ
rHD1OOCIE1DDM �l -G -k lLCDC �MM*LoHMC G1oCILI 1NNCI �HECNI oCLlC* �CN1ML+ICI lCI DCNo CI /C*M� -

O LI � 0 �I1M�*NLFGCD �+LI O LM X̄ ∩ Ȳ ) ∅
k o CL lCO 1oC* ILFGMD �o*LJoNCLoM k l1 lLC � LIM*pJC lC*JCO CLID1O CI jE1NMC �I � ILFGM rHD1OOCIE1DDCI -

� LIiCLD � O 1I DLCGM k l1DD CLI �+LI 1ND+ lLC �*JCoILDO CIJC D+i+GN lCHMNLFG KC*J*�mC*I k 1ND 1HFGCLIDFG*pI�CIl i L*�CI �1II -
•
nC*GpNMILD ri LDFGCI |R ./ S|

HIl
|R|
oCrCLFGICM O 1I 1ND � ���� ������� lCD �+LID �orJN -

R
� -

•
LDM

X̄ ∩ Ȳ
r -B - jFGN�DDCN K+I

S
HIl �*COlDFGN�DDCN LI

R
k D+ G1M O1I

|R ./ S| = |R|
-

F� O 1� � n ∗ m
�1NNC �HECN LI

R
C*,�NNCI

C
�

O LI � 0 ��CLI �HECN LI
R
C*,�NNM

C
�

l� O 1� � n iCII S = ∅
k + lC* rHO LIlCDM

S ∩ π[Y ](R) = ∅
k HIl oCL lC* )*+{ C�ML+I �CLIC .HENL�1MC�lLC iCJ,1NNCI i�*lCI� CIMDMCGCI -

O LI � 0 �
π(Y )(R) ⊆ S

�
C� O 1� � n/m

iCII 1NNC /C*MC
π[X̄ \ Ȳ ](R)

O LM { ClCO lC* /C*MC 1HD
S
LI

R
K+*�+OOCI -

O LI � 0 --- iCII �CLI /C*M lLC lH*FG lLC . LKLDL+I orJN - S JCDMCNNMC x ,�* 1NNC~�BClLIJHIJ C*,�NNM -

TUVWXY Z 	 \��U^_X �Zb� _ab TU`�g
��Zb h yCJCoCI DCLCI ,+NJCIlC �CN1ML+ICI �
•
� �� kB k��

•
j �� k� k� �

•
� �� k� �

. LC /C*MCo C*CLFGC 1NNC* ILFGM I1OCIDJNCLFGCI �MM*LoHMC DCLCI K+ICLI1IlC* KC*DFG LClCI - yCJCoCIDCL IHI ,+NJCIlC* *CN1ML+I1NC* �HDl*HF� �
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

jLIl lLC ,+NJCIlCI �HDl*�F�C pqHLK1NCIM rH +oLJCO �HDl*HF�� BCJ*�IlCI jLC vG*C �IMi+*M -1�
π[E, H ]((σ[B = 10](R)) ./ (π[A, E](S)) ./ T )o�
π[E, H ](σ[B = 10](((π[B](R)) ./ (π[A, E](S))) ./ (π[A, H ](T ))))F�
π[E, H ]((π[A, B](σ[B = 10](R))) ./ ((π[A](S)) ./ T ))

1� LDM pqHLK1NCIM �.C* H*DE*�IJNLFGC �HDl*HF� �
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

�+LI LDM 1DD+rL1MLK �
π[E, H ](σ[B = 10](R ./ (T ./ S)))�MM*LoHM

B
C� LDMLC*M IH* LI �CN1ML+I

R
k l1GC* �1II jCNC�ML+I K+* �+LI 1HDJC,�G*M iC*lCI �

π[E, H ](σ[B = 10]R ./ (T ./ S))
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n+I
S
iC*lCI IH* lLC �MM*LoHMC

A
�LO �+LI O LM

T
� HIl

E
�LI lC* 1oDFG NLCmCIlCI )*+{ C�ML+I �oCI�MLJM k O 1I �1II lLC )*+{ C�ML+I 1ND+ 1HFG JNCLFG 1H,

S
1HD,�G*CI �

π[E, H ](σ[B = 10]R ./ (T ./ (π[A, E]S)))

�+LI LDM 1HFG �+OOHM1MLK �
π[E, H ](σ[B = 10]R ./ ((π[A, E]S) ./ T ))

.C* NCMrMC �HDl*HF� rCLJM l1DD lLC �qHLK1NCIr JLNM -� LIiCLD � LI lLCDCO �HDl*HF� iC*lCI 1NNC π
HIl

σ
D+ ,*�G i LC O �JNLFG 1HDJC,�G*M -

o � ILFGM pqHLK1NCIM �
π[E, H ]

σ[B = 10]

./

./

π[B]

R

π[A, E]

S

π[A, H ]

T

π[B](R)
CNLO LILC*M l1D ,�* lCI �+LI O LM

S
HIl

T
iLFGMLJC �MM*LoHM

A
k G LC* i L*l DM1MMlCDDCI l1D}*CHrE*+lH�M 1HDJC,�G*M -

π[A, E](S)
LDM i LC LI 1� JCrCLJM rHNpDDLJ � F

iL*l ILFGM JCo*1HFGM -
π[A, H ](T )

LDM IHMrN+D �vlCIMLMpM � k DM�*M 1o C* �CLICI -.C* �HDl*HF� LDM D2IM1�MLDFG LI |*lIHIJ k G1M 1oC* CLI 1IlC*CD �*JCoILD �CLIC |oC*O CIJC k l1CLI �+LI�}*LMC*LHO iCJ,pNNM � -F� ILFGM pqHLK1NCIM �
π[E, H ]

./

π[A, B]

σ[B = 10]

R

./

π[A]

S

T

π[A](S)
CNLO LILC*M l1D �MM*LoHM

E
k iCNFGCD LI lC* �HDJ1oC CIMG1NMCI DCLI D+NN - lC* �HDl*HF� LDMl1O LM D2IM1�MLDFG ILFGM rHNpDDLJ -

TUVWXY Z � \� Z �Xd^abX �Z TbVgXWZb Xb � ab� ^X �h yCoCI jLC �HDl*�F�C lC* *CN1ML+I1NCI �NJC�o*1 ,�* lLC ,+NJCIlCI �I,*1JCI 1I lLC 0+IlL1N�.1MCIo1I� 1I �1� . LC z1OCI 1NNC* jMplMC k LI lCICI O CG* 1ND Q�� lC* BCK� N�C*HIJ lCD { CiCLNLJCI �1IlCD NCo CI -o � . LC z1OCI 1NNC* |*J1ILD1ML+ICI k lLC 1H, { ClCO }+IMLICIM O LIlCDMCID CLI 0 LMJNLClDN1Il G1oCI -
F� � NNC �1IlCDF+lCD K+I �pIlC*I k LI lCICI CLIC jE*1FGC JCDE*+ FGCI i L*l k lLC 1HFG LI lC* jFGiCLrJCDE*+ FGCI i L*l -
l� � NNC �1IlCDF+lCD K+I �pIlC*I k LI lCICI 1HDDFGNLCDDNLFG jE*1FGCI JCDE*+FGCI iC*lCI k lLC LI lC*jFGiCLr ILFGM JCDE*+ FGCI iC*lCI -
C� � NNC �1IlCDF+lCD K+I �pIlC*I k LI lCICI IH* jE*1FGCI JCDE*+ FGCI iC*lCI k lLC 1HFG LI lC*jFGiCLr JCDE*+ FGCI iC*lCI -
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, � � NNC �1IlCDF+lCD K+I �pIlC*I k LI lCICI 1NNC jE*1FGCI JCDE*+FGCI iC*lCI k lLC LI lC* jFGiCLrJCDE*+ FGCI iC*lCI -
��* DEpMC*C woHIJDoNpMMC* �
•
yCoCI jLC lLCDCNoCI �I,*1JCI LI j�� 1I -

•
yCoCI jLC lLCDCNoCI �I,*1JCI LO *CN1ML+I1NCI }1N��N 1I -

jCL 1NNJCOCLI
ρ[alias]

lLC �OoCICIIHIJ k lLC 1NNC �MM*LoHMC O LM lCO )*ps� alias qH1NLsrLC*M �r -B -,�* � ��� ������ -
1� �+LI O LM �HD1MroClLIJHIJ �

π �FLM2-I1O C�

./ ���	
���
�	�
���
�	�
����� ���	
����
> � ��� ��
�	
�����

ρ �FLM2 �
FLM2

ρ �F+HIM*2 �
F+HIM*2

+lC*

π �FLM2-I1OC �

./ ���	
���
�	�
���
�	�
����� ���	
����
> � ��� ��
�	
�����

ρ �FLM2 �

π �I1OC kF+HIM*2kE+E �
FLM2

ρ �F+HIM*2 �

π �F+lC kE+E �
F+HIM*2

o� . LKLDL+I �
÷

π �1oo*CK kF+IMLICIM �

./

LD�OCOoC* CIF+OE1DDCD

π �I1OC�
F+IMLICIM

LD�OCOoC* �+*J kF+HIM*2kM2E C� HIl CIF+OE1D�DCD �F+HIM*2kF+IMLIMCIM kEC*FCIM� iC*lCI �oC*F+HIM*2 JC{ +LIM - .1K+I i L*l IH* �+*J1I LD1ML�+I kF+IMLICIM� ��� o CI�MLJM - .1D i L*l l1II lH*FGlLC 0 CIJC lC* z1OCI lC* }+IMLICIMC JCMCLNM ki+O LM 1NNC |*J1ILD1ML+ICI �o*LJ oNCLo CI k lLC LI��� O LM { ClCO }+IMLICIM JCI1IIM iC*lCI -
F� �+LI rH* �+*OHNLC*HIJ CLIC* x�HDi1GNoClLIJHIJ~ - nC*iCIlC �1oCNNC N1IJH1JC �F+HIM*2kI1O C kEC*FCIM� kr -B - ��� k xJC*O 1I~ k ��� -

π �F+HIM*2 �

./

π �I1OC �

σ �F+HIM*2�x�� ~ �
N1IJH1JC

N1IJH1JC

.C* NLI�C � DM C*JLoM lLC �1oCNNC N1IJH1JC
I1OC
JC*O 1I,*CIFGLM1NL1I*+O 1IDFG

. LCDC i L*l O LM N1IJH1JC JC{ +LIM ��+LI��MM*LoHMxI1OC~� k i+O LM JCI1H lLC � LIM*pJC 1HD N1IJH1JC�o*LJo NCLo CI k lLC CLIC lC* 1H,JC,�G*MCI jE*1FGCICIMG1NMCI -l� yCI1H 1NNC �pIlC* k lLC Co CI ILFGM 1H,JCrpGNM iH*lCI �
\

ρ �F+lC→F+HIM*2 �

π[code]

F+HIM*2

B1HO K+I CoCI



������ ��� 	 
� ��� 
����� QR

C� �� DM O 1I LI OCG*C*CI jFG*LMMCI - � *DM 1NNC jE*1FGCI oCDMLOOCI k lLC I LFGM LI �� JCDE*+FGCIiC*lCI - .1D �*JCoILD i L*l O LM N1IJH1JC JC{ +LIM k HIl �o*LJ oNCLoCI lLC � LIM*pJC k lLC I LFGM�DFGiCLrC* jE*1FGCI oCDFG*CLo CI - . LC �pIlC* �ori - �1IlCDF+lCD� k LI lCICI L*JCIlCLIC I LFGM�DFGiCLrC* jE*1FGC JCDE*+ FGCI i L*l k o C�+OOM O1I 1ND+ ,+ NJCIlC*O 1DDCI �
π �F+HIM*2 �

./

\

π �I1OC�
N1IJH1JC

π �I1OC�

σ �F+HIM*2�x�� ~ �
N1IJH1JC

N1IJH1JC

B NCLoM IHI k lLC }+OENCO CIMO CIJC k CoCI lLC �pIlC* LI lCICI IH* DFGiCLrC* jE*1FGCI JCDE*+FGCIiC*lCI k rH oCDMLOOCI �
./

F+HIM*2
\

π �F+lC�
F+HIM*2

B1HO K+I CoCI

+lC* pqHLK1NCIM \

F+HIM*2
./

F+HIM*2 B1HO K+I CoCI

--- DFG�ICD BCLDELCN l1,�* k i LC O 1I jHoqHC*LCD LI lC* /�����} N1HDCN LI lC* � NJCo*1 lH*FG�+LI D *C1NLDLC*M -
, � x1NNC~ � 1ND+ O 1N i LClC* . LKLDL+I - π[country, name](language)

lH*FG lLC 0 CIJC lC* DFGiCLrC*jE*1FGCI lLKLlLC*CI - wo*LJ oNCLoCI lLC �pIlC* lLC O LM 1NNCI lLCDCI jE*1FGCI JCI1IIM iC*lCI �
÷

π �F+HIM*2kI1O C�
N1IJH1JC

π �I1OC�

σ �F+HIM*2�x�� ~�
N1IJH1JC

TUVWXY Z � \	gXb`^d^_Z �
 ��Zh yCJCoCI DCL CLIC �CN1ML+I � �� kB� - j�LrrLC*CI jLC CLICI �NJ+�*LMGOHD k lC* k oCDMCGCIl 1HD |EC*1ML+ICI lC* *CN1ML+I1NCI �NJCo*1 HIl CLIC* iGLNC�jFG NCL,C k lLCM*1IDLMLKC ��NNC lC* �CN1ML+I � oC*CFGICM -
� LIiCLD � . LC M*1IDLMLKC ��NNC CLIC* �CN1ML+I R

k o CrCLFGICM 1ND
R∗
C*JLoM DLFG i LC ,+ NJM � o CM*1FGMCr -B - CLIC �CN1ML+I

R(von, nach)
K+I �NHJKC*oLIlHIJCI -

R2 LDM l1II lLC 0 CIJC 1NNC* nC*oLIlHIJCI klLC �oC* CLIC �iLDFGCI N1IlHIJ rHDM1IlC�+OOCI k CMF � Rn
DLIl 1ND+ lLC{ CI LJCI k nC*oLIlHIJCI k lLCDLFG 1HD

n
�CLNKC*oLIlHIJCI rHD1OOCIDCMrCI - . LC HICIlNLFGC nC*CLILJHIJ

R ∪ R2 ∪ R3 ∪ ...
,�*

R → ∞
iL*l l1II 1ND

R∗
oCrCLFGICM - vI CLIC* CIlNLFGCI .1MCIo1DLD o CI�MLJM O 1I IH* CIlNLFG KLCNCjFG*LMMC HO lLCDC rH oC*CFGICI - � LI 1IlC*CD o CNLCoMCD BCLDELCN LDM lLC 1HD

Kind(x, y)
oC*CFGICMCn+*,1G*CI��CN1ML+I -



������ ��� 	 
� ��� 
����� Q P

)*+oNCO lC* � NJCo*1 HIl j�� � { ClCD Rn
�1II 1HDJCl*�F�M iC*lCI � 1o C* lLC o CNLCoLJ J*+mC nC*�CLILJHIJ ILFGM - 0 1I iCLm I LFGM k i+ O 1I 1oo*CFGCI D+NN -

woC*
R(A, B)

D+NN l LC M*1IDLMLKC ��NNC JCoLNlCM iC*lCI -
T
HIl

S
DLIl oLIp*C �CN1ML+ICI �oC* AHIl

B
-

S := ∅
T := RiGLNC

T − S 6= ∅
l+oCJLI

S := T ;
T := T ∪ π[T.A, R.B](σ[T.B = R.A](T × R));CIl -

vI lLCDCO )*+J*1OO CIMGpNM S
{ CiCLND lCI /C*M K+I

T
1HD lC* NCMrMCI vMC*1ML+I lC* jFGNCL,C - . LCBC*CFGIHIJ CIlCM k iCII

S
HIl

T
�oC*CLIDMLOOCI k l -G - ipG*CIl lC* rH NCMrM 1HDJC,�G*MCI vMC*1ML+IiH*lCI �CLIC iCLMC*CI �HECN O CG* rH

T
GLIrHJC,�JM -


