
�� ���� ������ � 	�
 ���
 ���� �
 ���������
·
���� �� 	� � �� ���
 ���� ��

· ����� �� ���� ���� ���� �
�����������

 !���"#�$�#��" %&'%(
)*+, - . * - / - 012

3 4 56789:6 ;<== > ? ;9@6A<
BCDE*CFGHIJ K+*1HDDLFGMNLFG 1O PQ -RR-
STUVWX Y Z [\ ]^ ]_]`a b ]c dW_]_`e YfWc]`aYa g BChCLDCI iLC j k1l kLC LI kC* m+*NCDHIJ 1IJCnCIC.1*DMCNNHIJ kC* . LKLDL+I kH*FG *CN1ML+I1NC B1DLD+E C*1M+*CI 1ND

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)

oO LM
r(X)
j
s(Y )

HIk
Z = X \ Y pqHLK1NCIM rH kC* JCJCn CICI .CsILML+I

r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r}

LDM -
BCM*1FGMC

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)
︸ ︷︷ ︸

(∗∗∗)

(∗)

t1FG .CsILML+I kC* . LKLDL+I LDM
r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r} (∗∗)

oRu
(∗∗) ⊆ (∗) viCL

µ ∈ (∗∗)
j 1ND+

{µ} ./ s ⊆ r
- wx* 1NNC

ν ∈ s
LDM 1ND+

µν ∈ r
-

.1O LM 1ND+ C*DMO 1N
µ ∈ π[Z](r)

-
yH rCLJCI v µ 6∈ (∗∗∗)

-
zII1GOC v µ ∈ (∗∗∗) { 1ND+ JpnC CD CLI ν′

j D+ k1DD
µν′ ∈ (π[Z](r) ./ s) − r

LDM - .C* zIMCLN
π[Z](µν′)

LDM JC*1kC
µ
j 1ND+ OxDDMC

ν′ ∈ s
DCLI j k1O LM kLCD C*,xNNM LDM j HIk

µν′ /∈ r { LO/ LkC*DE*HFG rH +nCI -
z ND+

µ ∈ (∗)
-

oPu
(∗) ⊆ (∗∗) viCL

µ ∈ (∗)
-

zII1GOC v µ 6∈ (∗∗)
j k -G -

{µ} ./ s 6⊆ r
-

.1II JLnM CD 1ND+ CLI
ν ∈ s

j D+ k1DD
µν 6∈ r

-
µ ∈ π[Z](r)

I1FG |+IDM*H}ML+I K+I
(∗)iFG1HCI h L* HID h LCkC*

(∗∗∗)
1I v .1 µ ∈ π[Z](r)

LDM j LDM
µν ∈ π[Z](r) ./ s

HIk ~ 1
/∈ r
j 1ND+

µν ∈ (π[Z](r) ./ s) − r
HIk k1O LM

µ = π[Z](diesem) = (∗∗∗)
-

/+O LM
µ
ILFGM LI

(∗)
LDM - / LkC*DE*HFG rH* m+*1HDDCMrHIJ -

STUVWX Y � [S �VYXfW � � ]a]b W�Y� Ta� � W�]bW�Y Sa�W�� ^`a �Te Y�ag .LC �CN1ML+ICI
R(X̄)HIk

S(Ȳ )
CIMG1NMCI

n
nrh -

m �HECN - / LC J*+l LDM kLC O 1�LO1NC HIk O LILO 1NC zIr1GN K+I �HECNI jkLC k1D �*JCnILD ,+ NJCIkC* �EC*1ML+ICI onCL JCCLJICMCI
X̄, Ȳ
u CIMG1NMCI }1II�
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1u
R ∪ Snu
R ./ SFu
σ[C](R) × S

j ,x* CLIC BCkLIJHIJ
Cku

π[Y ](R) − SCu
R ÷ S

1u O 1� v n + m
o}CLIC JCO CLID1O CI �HECNuO LI v max{n, m}
o�CLNO CIJCInCrLCGHIJunu O 1� v n ∗ m

j hCII CIMhCkC*
X̄ ∩ Ȳ = ∅

+kC* LO I1Mx*NLFGCI �+LI ~ CkC iE1NMC 1HD
X
O LM ~ CkC*iE1NMC 1HD

Y
rHD1OOCIE1DDM -

O LI v 0 oI1Mx*NLFGCD �+LI O LM X̄ ∩ Ȳ ) ∅
j n CL kCO 1nC* ILFGMD xn*LJnNCLnM j k1 kLC � LIM*pJC kC*JCO CLID1O CI iE1NMC oI u ILFGM rHD1OOCIE1DDCI -

� LIhCLD v O 1I DLCGM j k1DD CLI �+LI 1ND+ kLC �*JCnILDO CIJC D+h+GN kCHMNLFG KC*J*�lC*I j 1ND 1HFGCLIDFG*pI}CIk h L*}CI }1II -
•
mC*GpNMILD rh LDFGCI |R ./ S|

HIk
|R|
nCrCLFGICM O 1I 1ND � ���� ������� kCD �+LID onrJN -

R
u -

•
LDM

X̄ ∩ Ȳ
r -B - iFGNxDDCN K+I

S
HIk k1O LM w*CO kDFGNxDDCN LI

R
j D+ G1M O1I

|R ./ S| = |R|
-

Fu O 1� v n ∗ m
o1NNC �HECN LI R

C*,xNNCI
C
u

O LI v 0 o}CLI �HECN LI R
C*,xNNM

C
u

ku O 1� v n o
S = ∅

j +kC* rHO LIkCDM
S ∩ π[Y ](R) = ∅

u
O LI v 0 o

π(Y )(R) ⊆ S
u

Cu O 1� v n/m
hCII 1NNC /C*MC

π[X̄ \ Ȳ ]R
O LM ~ CkCO kC* /C*MC 1HD

S R
K+*}+OOCI -

O LI v 0 --- hCII CnCI }CLI /C*M kLC kH*FG kLC . LKLDL+I nrJN - S JCDMCNNMC � ,x* 1NNC��BCkLIJHIJC*,xNNM -
STUVWX Y � [� T]^W�Ya� ^`a ST_�f!"#Ya g $CJCnCI DCLCI ,+NJCIkC �CN1ML+ICI v
•
� oz jB j% u

•
i oz j� jw u

• � oz j� u. LC /C*MCn C*CLFGC 1NNC* ILFGM I1OCIDJNCLFGCI zMM*LnHMC DCLCI K+ICLI1IkC* KC*DFG LCkCI - $CJCnCIDCL IHI ,+NJCIkC* *CN1ML+I1NC* zHDk*HF} v
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

iLIk kLC ,+NJCIkCI zHDk*xF}C pqHLK1NCIM rH +nLJCO zHDk*HF}� BCJ*xIkCI iLC &G*C zIMh+*M -1u
π[E, H ]((σ[B = 10](R)) ./ (π[A, E](S)) ./ T )nu
π[E, H ](σ[B = 10](((π[B](R)) ./ (π[A, E](S))) ./ (π[A, H ](T ))))Fu
π[E, H ]((π[A, B](σ[B = 10](R))) ./ (π[A](S)) ./ T )

1u LDM pqHLK1NCIM v.C* H*DE*xIJNLFGC zHDk*HF} v
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

�+LI LDM 1DD+rL1MLK v
π[E, H ](σ[B = 10](R ./ (T ./ S)))
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zMM*LnHM
B
C� LDMLC*M IH* LI �CN1ML+I

R
j k1GC* }1II iCNC}ML+I K+* �+LI 1HDJC,xG*M hC*kCI v

π[E, H ](σ[B = 10]R ./ (T ./ S))

m+I
S
hC*kCI IH* kLC zMM*LnHMC

A
oLO �+LI O LM

T
u HIk

E
oLI kC* 1nDFG NLClCIkCI )*+~ C}ML+I unCI�MLJM j O 1I }1II kLC )*+~ C}ML+I 1ND+ 1HFG JNCLFG 1H,

S
1HD,xG*CI v

π[E, H ](σ[B = 10]R ./ (T ./ (π[A, E]S)))

�+LI LDM 1HFG }+OOHM1MLK v
π[E, H ](σ[B = 10]R ./ ((π[A, E]S) ./ T ))

.C* NCMrMC zHDk*HF} rCLJM k1DD kLC �qHLK1NCIr JLNM -� LIhCLD v LI kLCDCO zHDk*HF} hC*kCI 1NNC π
HIk

σ
D+ ,*xG h LC O �JNLFG 1HDJC,xG*M -

n u ILFGM pqHLK1NCIM v π[B](R)
CNLO LILC*M k1D ,x* kCI �+LI O LM

S
HIk

T
hLFGMLJC zMM*LnHM

A
j G LC*h L*k DM1MMkCDDCI k1D |*CHrE*+kH}M 1HDJC,xG*M -

π[A, E](S)
LDM h LC LI 1u JCrCLJM rHNpDDLJ - π[A, H ](T )

LDM IHMrN+D o&kCIMLMpM u j DM�*M 1nC* }CLICI -Fu ILFGM pqHLK1NCIM v π[A](S)
CNLO LILC*M k1D zMM*LnHM

E
j h1D LI kC* zHDJ1nC CIMG1NMCI DCLI D+NN -

STUVWX Y � [� T]^W�Ya�Ya � �`]a � �"�a]ccg iCLCI
R(X), S(Y ), T (Z)

�CN1ML+ID�iFGCO 1M1 - yCL�JCI iLC kLC ,+ NJCIkCI �qHLK1NCIrCI v1u
R ./ R ≡ R

-
n u hCII

X = Y
j k1II JLNM

R ./ S ≡ R ∩ S
-

Fu
(R ./ S) ./ T = S ./ (R ./ T )

-
� DC MGC kCsILML+I +, MGC I1MH*1N ~ + LI v

R ./ S = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S}

o1u
R ./ R = {µ ∈ Tup(X, X) | µ[X ] ∈ R ∧ µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ ∈ R}

= R

on u � D JCNMC
X = Y

-
R ./ S = {µ ∈ Tup(X, Y ) | µ[X ] ∈ R ∧ µ[Y ] ∈ S}

= {µ ∈ Tup(X) | µ ∈ R ∧ µ ∈ S}
o
X = Y

u
= R ∩ S

oFu
(R ./ S) ./ T = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S} ./ T =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {µ[X ] ∈ R ∧ µ[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {ν|ν[X ] ∈ R ∧ ν[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|(µ[XY ])[X ] ∈ R ∧ (µ[XY ])[Y ] ∈ S ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[X ] ∈ R ∧ µ[Y ] ∈ S ∧ µ[Z] ∈ T }
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zI1N+J+HDN2j DG+h MG1M
S ./ (R ./ T ) = {µ ∈ Tup(Y XZ)|µ[Y ] ∈ S ∧ µ[X ] ∈ R ∧ µ[Z] ∈ T }

hGLFG LD MGC D1O C n2 F+OOHM1MLKLM2 +,
∧
-

STUVWX Y � [� Y�Wc]`aW�Y SaUfWVYa Wa � `a�]W�g $Cn CI iLC zHDk*xF}C kC* *CN1ML+I1NCI zNJC�n*1 ,x* kLC ,+NJCIkCI zI,*1JCI 1I kLC 0+IkL1N�.1MCIn1I} 1I v
1u . LC t1OCI 1NNC* iMpkMC j LI kCICI O CG* 1ND P�� kC* BCK� N}C*HIJ kCD ~ ChCLNLJCI �1IkCD NCn CI -
n u . LC t1OCI 1NNC* �*J1ILD1ML+ICI j kLC 1H, ~ CkCO |+IMLICIM O LIkCDMCID CLI 0 LMJNLCkDN1Ik G1nCI -
Fu z NNC �1IkCDF+kCD K+I �pIkC*I j LI kCICI CLIC iE*1FGC JCDE*+ FGCI h L*k j kLC 1HFG LI kC* iFGhCLrJCDE*+ FGCI h L*k -
ku z NNC �1IkCDF+kCD K+I �pIkC*I j LI kCICI 1HDDFGNLCDDNLFG iE*1FGCI JCDE*+FGCI hC*kCI j kLC LI kC*iFGhCLr ILFGM JCDE*+ FGCI hC*kCI -
Cu z NNC �1IkCDF+kCD K+I �pIkC*I j LI kCICI IH* iE*1FGCI JCDE*+ FGCI hC*kCI j kLC 1HFG LI kC*iFGhCLr JCDE*+ FGCI hC*kCI -
, u z NNC �1IkCDF+kCD K+I �pIkC*I j LI kCICI 1NNC iE*1FGCI JCDE*+FGCI hC*kCI j kLC LI kC* iFGhCLrJCDE*+ FGCI hC*kCI -
wx* DEpMC*C �nHIJDnNpMMC* v
•

$Cn CI iLC kLCDCNnCI zI,*1JCI LI i�� 1I -
•

$Cn CI iLC kLCDCNnCI zI,*1JCI LO *CN1ML+I1NCI |1N}xN 1I -
iCL 1NNJCO CLI

ρ[alias]
kLC �OnCICIIHIJ j kLC 1NNC zMM*LnHMC O LM kCO )*ps� � qH1NLsrLC*M -

1u �+LI O LM yHD1MrnCkLIJHIJ v
π �FLM2-I1O C�

./ 	
��
�
�����
�
�����
�
��� �
��
����
> � ��� 
����
�����

ρ �FLM2 �
FLM2

ρ �F+HIM*2 �
F+HIM*2

+kC*

π �FLM2-I1OC �

./ 	
��
�
�����
�
�����
�
��� �
��
����
> � ��� 
����
�����

ρ �FLM2 �

π �I1OC jF+HIM*2jE+E �
FLM2

ρ �F+HIM*2 �

π �F+kC jE+E �
F+HIM*2

nu . LKLDL+I v
÷

π �1nn*CK jF+IMLICIM �

./

LD�OCOnC* CIF+OE1DDCD

π �I1OC�
F+IMLICIM

LD�OCOnC* o+*J jF+HIM*2jM2E Cu HIk CIF+OE1D�DCD oF+HIM*2jF+IMLIMCIM jEC*FCIMu hC*kCI xnC*F+HIM*2 JC~ +LIM - .1K+I h L*k IH* o+*J1I LD1ML�+I jF+IMLICIMu o�u n CI�MLJM - .1D h L*k k1II kH*FGkLC 0 CIJC kC* t1OCI kC* |+IMLICIMC JCMCLNM jh+O LM 1NNC �*J1ILD1ML+ICI xn*LJ nNCLn CI j kLC LIo�u O LM ~ CkCO |+IMLICIM JCI1IIM hC*kCI -
Fu �+LI rH* w+*OHNLC*HIJ CLIC* �zHDh1GNnCkLIJHIJ� - mC*hCIkC �1nCNNC N1IJH1JC oF+HIM*2jI1O C jEC*FCIMu jr -B - o%� j �JC*O 1I� j Q�u -
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π �F+HIM*2 �

./

π �I1OC �

σ �F+HIM*2��%�� �
N1IJH1JC

N1IJH1JC

.C* NLI}C z DM C*JLnM kLC �1nCNNC N1IJH1JC
I1OC
JC*O 1I,*CIFGLM1NL1I*+O 1IDFG

. LCDC h L*k O LM N1IJH1JC JC~ +LIM o�+LI�zMM*LnHM
�I1OC�u j h+O LM JCI1H kLC � LIM*pJC 1HD N1IJH1JCxn*LJn NCLn CI j kLC CLIC kC* 1H,JC,xG*MCI iE*1FGCICIMG1NMCI -ku $CI1H 1NNC �pIkC* j kLC Cn CI ILFGM 1H,JCrpGNM hH*kCI v

\

ρ �F+kC→F+HIM*2 �

π[code]

F+HIM*2

B1HO K+I CnCI

Cu �� DM O 1I LI OCG*C*CI iFG*LMMCI - � *DM 1NNC iE*1FGCI nCDMLOOCI j kLC I LFGM LI %� JCDE*+FGCIhC*kCI - .1D �*JCnILD h L*k O LM N1IJH1JC JC~ +LIM j HIk xn*LJ nNCLnCI kLC � LIM*pJC j kLC I LFGM�DFGhCLrC* iE*1FGCI nCDFG*CLn CI - . LC �pIkC* onrh - �1IkCDF+kCDu j LI kCICI L*JCIkCLIC I LFGM�DFGhCLrC* iE*1FGC JCDE*+ FGCI h L*k j n C}+OOM O1I 1ND+ ,+ NJCIkC*O 1DDCI v
π �F+HIM*2 �

./

\

π �I1OC�
N1IJH1JC

π �I1OC�

σ �F+HIM*2��%�� �
N1IJH1JC

N1IJH1JC

B NCLnM IHI j kLC |+OENCO CIMO CIJC j CnCI kLC �pIkC* LI kCICI IH* DFGhCLrC* iE*1FGCI JCDE*+FGCIhC*kCI j rH nCDMLOOCI v
./

F+HIM*2
\

π �F+kC�
F+HIM*2

B1HO K+I CnCI

+kC* pqHLK1NCIM \

F+HIM*2
./

F+HIM*2 B1HO K+I CnCI

--- DFG�ICD BCLDELCN k1,x* j h LC O 1I iHnqHC*LCD LI kC* /���� �|N1HDCN LI kC* z NJCn*1 kH*FG
�+LI D *C1NLDLC*M -

, u �1NNC� { 1ND+ O 1N h LCkC* . LKLDL+I - π[country, name](language)
kH*FG kLC 0 CIJC kC* DFGhCLrC*iE*1FGCI kLKLkLC*CI - �n*LJ nNCLnCI kLC �pIkC* kLC O LM 1NNCI kLCDCI iE*1FGCI JCI1IIM hC*kCI v
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÷

π �F+HIM*2jI1O C�
N1IJH1JC

π �I1OC�

σ �F+HIM*2��%���
N1IJH1JC

STUVWX Y � [�fWa_]c]^Y �! ��Yg $CJCn CI DCL CLIC �CN1ML+I � oz jBu - i}LrrLC*CI iLC CLICI zNJ+�*LMGOHD j kC* j nCDMCGCIk 1HD �EC*1ML+ICI kC* *CN1ML+I1NCI zNJCn*1 HIk CLIC* hGLNC�iFGNCL,C j kLCM*1IDLMLKC �xNNC kC* �CN1ML+I � nC*CFGICM -
� LIhCLD v . LC M*1IDLMLKC �xNNC CLIC* �CN1ML+I R

j n CrCLFGICM 1ND
R∗
C*JLnM DLFG h LC ,+ NJM v n CM*1FGMCr -B - CLIC �CN1ML+I

R(von, nach)
K+I wNHJKC*nLIkHIJCI -

R2 LDM k1II kLC 0 CIJC 1NNC* mC*nLIkHIJCI jkLC xnC* CLIC yh LDFGCI N1IkHIJ rHDM1IkC}+OOCI j CMF �
Rn
DLIk 1ND+ kLC~ CI LJCI j mC*nLIkHIJCI j kLCDLFG 1HD

n �CLNKC*nLIkHIJCI rHD1OOCIDCMrCI - . LC HICIkNLFGC mC*CLILJHIJ R ∪ R2 ∪ R3 ∪ ...
,x*

R → ∞
hL*k k1II 1ND

R∗
nCrCLFGICM - &I CLIC* CIkNLFGCI .1MCIn1DLD n CI�MLJM O 1I IH* CIkNLFG KLCNCiFG*LMMC HO kLCDC rH nC*CFGICI - � LI 1IkC*CD n CNLCnMCD BCLDELCN LDM kLC 1HD

Kind(x, y)
nC*CFGICMCm+*,1G*CI��CN1ML+I -

)*+n NCO kC* z NJCn*1 HIk i�� v ~ CkCD Rn
}1II 1HDJCk*xF}M hC*kCI � 1nC* kLC n CNLCnLJ J*+lC mC*�CLILJHIJ ILFGM - 0 1I hCLl I LFGM j h+ O 1I 1nn*CFGCI D+NN -

�nC*
R(A, B)

D+NN k LC M*1IDLMLKC �xNNC JCnLNkCM hC*kCI -
T
HIk

S
DLIk nLIp*C �CN1ML+ICI xnC* AHIk

B
-

S := ∅
T := RhGLNC

T − S 6= ∅
k+nCJLI

S := T ;
T := T ∪ π[T.A, R.B](σ[T.B = R.A](T × R));CIk -

&I kLCDCO )*+J*1OO CIMGpNM S
~ ChCLND kCI /C*M K+I

T
1HD kC* NCMrMCI &MC*1ML+I kC* iFGNCL,C - . LCBC*CFGIHIJ CIkCM j hCII

S
HIk

T
xnC*CLIDMLOOCI j k -G - hpG*CIk kC* rH NCMrM 1HDJC,xG*MCI &MC*1ML+IhH*kCI }CLIC hCLMC*CI �HECN O CG* rH T

GLIrHJC,xJM -


