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RSTUVW X Y Z[\] ^_` aXbV`^cdVb ecbb_`fdg^Uh iDjKDJ kjD l m2EE kno pqrstuvwsr xvr rytzw{u| jE} lm .H . ~I � DmDL �IEm+IG� mD+ +D�2}j,J2�DJ � �KD�+2 Kj�} DE DjJDJ ��Ij�2�DJ}DJ �IEm+IG� jJ kno .
�DKD�DJ EDjDJ mjD �D�2}j,JDJ

R(A1, . . . , An)
l
S(A1, . . . , An)

IJm
T (Ai1 , . . . , Aik

, Bk+1, . . . , Bm)
l

{i1, . . . , ik} ⊆ {1 . . . n}
IJm F22+�DjED IJK�DjGH .

R ∪ S � ������ A1, . . . , An���� ��� ��� ������ A1, . . . , An���� � �
R \ S � ������ A1, . . . , An���� �

������ ������ A1, . . . , An���� � �
σ[F ](R) � ������ A1, . . . , An���� ������ F̄ � F̄

jE} mD+
F
DJ}EF+DGHDJmD �IEm+IG� jJ kno�k3J}2�

π[A1, . . . , Ai](R) � ������ A1, . . . , Ai���� � �
ρ[A1 → C1, . . . , An → Cn](R) � ������ A1 �� C1, . . . , An �� Cn���� �
S ./ T � ������ A1, . . . , An, Bk+1, . . . Bm���� � �� ������ S.Ai1 = T.A1, . . . , S.Aik

= T.Ak �
RSTUVW X   Z¡aS¢¢^XaSdUh

•
/jD £+2KD J2GH mD+ K+¤¥}DJ o2JmDE¦�GHD jJ mD+ 1,Jmj2��/2}DJ�2J��2I}D}

������ ��� §¨©ª¨«���� �¬®¯©° �
iIE�}~�jGH E,�� m2~I mD+ o2JmDE�±,mD 2IEKDKD�DJ �D+mDJ . 02+IL jE} mjD -, �KDJmD kno��J-+2KD-DH�D+H2-}² �D�DJ kjD DjJD DJ}EF+DGHDJm �,++jKjD+}D kno��J-+2KD 2J .
������ ��� §¨©ª¨« � ³¬´ª���� �¬®¯©° �
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• �J mD+ �,+�DEIJK �I+mD -�+ � DmDE o2Jm mjD CD�¤��D+IJKE~2H� mD+ K+¤¥}DJ k}2m} D+L j}}D�} . �D�DJkjD DjJD �J-+2KD 2J l mjD ~IE�}~�jGH 2IGH mDJ �2L DJ mjDED+ k}2m} 2IEKj�} .
•
12J �,DJJJ}D EjGH 2I- mDJ D+E}DJ C�jG� 2�E � +KD�JjE mD+ D+E}DJ �J-+2KD ������ ��� §¨©ª¨« �³¬´ª ���� �¬®¯©° � m2E �IFD� �N����O�� l � � ��JEGHDJ ��IEE�2Jm jE} m2E K+,DEE}D o2Jm IJmH2} N����O�� �L

2
£��GHD� . ��D+ l �2E E,��}D m2JJ ������ ��� §¨©ª¨« � ³¬´ª ���� �¬®¯©°D+KD�DJ² / jD kILLD mD+ £�2DGHD jE} NQQO���MO .O� l 2� D+ �2E E,�� -�+ �G,mD� 2IEKDKD� DJ �D+mDJ²

/jD �KK+DK2}j,JE,F D+2},+DJ 1�� l 1 �� l k 1 l ��� l ±! �� JDHLDJ �2I- mDJ D+E}DJ C �jG� �2�E � jJK2�D DjJD 1DJKD �,J �IFD�J IJm �DJmDJ mDJ �KK+DK2}j,JE,FD+2},+ 2I- mjD DJ}EF+DGHDJmDkF2�}D 2J l IJm D+KD� DJ quw qw 2},L 2+DJ � +KD�JjE�D+} .
�J mD+ ,�jKDJ -2�EGHDJ �J-+2KD � j+m 2�E, mI+GH mjD �J�DJmIJK mD+ �KK+DK2}-IJ�}j,J DjJ DjJ�~Dj�jKDE � +KD�JjE -�+ mjD KDE2L}D �2�D��D D+~DIK} . /2E �}}+j�I} ³¬´ª �jD-D+} � Dm,GH JjGH} DjJDjJ~D�JDE � +KD�JjE l E,JmD+J -�+ � DmDE o2Jm DjJDE �F+,�jD+DJ kjD ~ .C . L 2� ������ ��� §¨©ª¨« ���� §³¬´ª« ���� �¬®¯©° � 2IE� .� jJD �,++D�}D kno��J-+2KD -�+ mjD *+,��DL E}D��IJK jE} D}�2 �

������ ¨©ª¨ � ³¬´ª���� ³¬®¯©°����� ¨©ª¨ "
§������ ��� §¨©ª¨«���� ³¬®¯©° « �

• �L ,�jKDJ CDjEF jD� � j+m mjD �KK+DK2}-IJ�}j,J 2I- mjD KDE2L}D 2�}ID��D �D�2}j,J 2JKD�DJmD} ./ jDE �2JJ mI+GH #���� $% ¨¯¯©&'(¯ KD�JmD+} �D+mDJ � DE �D+mDJ 1DJKDJ �,J �IFD�J KD�j�mD} lmjD jJ 2}}+�jE} ��D+DjJE}jLLDJ . /2L j} �D+mDJ mjD �KK+DK2}j,JE,F D+2},+DJ 1�� l 1 �� l k 1 l��� l ±! �� jL 2��KDL DjJDJ £2�� 2I- quw q ) qw| q xvw ) qw| qw xvw *+, qrw 2JKD�DJmD} IJm�D+}DJ jJJD+H2�� � DmD+ �+IFFD mDJ �KK+DK2}j,JE,FD+2},+ 2I- mD+ DJ}EF+DGHDJmDJ kF2�}D 2IEIJm �jD-D+J -� + � DmD �+IFFD DjJDJ 2},L 2+DJ � +KD�JjE�D+} �
������ �¨- ª � �¬®¯©° � .¬.&¨¯ '¬®���� � '¯°����� §³¬®¯©° � .¬.&¨¯ '¬® « ��
§������ ³¬®¯©° � ��� §.¬.&¨¯ '¬® «���� � '¯°#���� $% �¬®¯©° « �

RSTUVW X / Z0 cdg^Vb Z[\]hh �DKD�DJ EDj -,�KDJmDE /2}DJ�2J�EGHDL2 ��IE~IK 2IE 1,Jmj2��
�¬®¯©° §�¨- ª � �¬´ª � �¨. '¯¨& � �©¬1 '® ³ª � �©ª¨ � �¬.&¨¯ '¬® «�©2¨® '3¨¯ '¬® §�¨- ª � �44©ª1 '¨¯ '¬® � � (¯¨4&'(5ª´ «�(6- ª-4ª© §�©2¨® '3¨¯ '¬® � �¬®¯©° � �°.ª«

£,+LI�jD+DJ kjD mjD -,�KDJmDJ �J-+2KDJ jJ kno ��jJ mDJ �Dj�2I-K2� DJ 2� � D � �+2IGHDJ �D+EGH jDmDJD �+}DJ �,J 1 j}K�jDmEGH2-}DJ JjGH} �D+�G�EjGH}jK}�D+mDJ 7�
2� �D�DJ kjD �,J � DmD+ ! +K2JjE2}j,J mjD kILLD mD+ � jJ�,HJD+ 2��D+ 1 j}K�jDmE��JmD+ 2�E}DjKDJmKD,+mJD} 2J .
� � 0D�GHD o�JmD+ EjJm 1 j}K�jDm jJ LDH+ 2�E M� ! +K2JjE2}j,JDJ²
G� 0D�GHD o�JmD+ L j} DjJD+ £��GHD �,J LDH+ 2�E ������ �L

2
EjJm 1 j}K�jDm jJ LDH+ 2�E M� ! +K2�JjE2}j,JDJ²



������ ��� 	 
� ��� ����� O N

m � 0D�GHD o�JmD+ EjJm jJ L jJmDE}DJE DjJD+ ! +K2JjE2}j,J 1 j}K�jDm l jJ mD+ 2IGH /DI}EGH�2Jm ��/ ��1j}K�jDm jE}²
D� 0D�GHD o�JmD+ EjJm jJ L jJmDE}DJE mDJ ! +K2JjE2}j,JDJ 1 j}K�jDm l jJ mDJDJ 2IGH �Jm,++2 ����/ ��1j}K�jDm jE}²
- � iDjKDJ kjD l m2EE DE jJ mD+ /2}DJ�2J� �DjJD ! +K2JjE2}j,J Kj�} l jJ mD+ 2��D o�JmD+ 1 j}K�jDm EjJm 7
/jDED �J-+2KDJ �¤JJDJ L j} mD+ 0D��kGHJj}}E}D��D ~I+ 1,Jmj2��/C KD}DE}D} �D+mDJ �EjDHD �,+�D�EIJKEEDj}D � .
2� �D�DJ kjD �,J � DmD+ ! +K2JjE2}j,J mjD kILLD mD+ � jJ�,HJD+ 2��D+ 1 j}K�jDmE��JmD+ 2�E}DjKDJmKD,+mJD} 2J .

������ '(6�ª-4ª© ��©2¨® '3¨¯ '¬® � ��� §�¬.&¨¯ '¬® «���� '(6�ª-4ª© � �¬®¯©°����� '(6�ª-4ª© ��¬®¯©° " �¬®¯©° ��¬´ª#���� $% '(6�ª-4ª© ��©2¨® '3¨¯ '¬®����� $% � ���� �� � 0D�GHD o�JmD+ EjJm 1 j}K�jDm jJ LDH+ 2�E M� ! +K2JjE2}j,JDJ²
������ ³¬®¯©°���� '(6- ª-4ª©#���� $% ³¬®¯©°��� ��# ³¬®¯ §�« � ��
	 jJ�DjE � DE � j+m jJ '(6- ª-4ª© -�+ � DmDE o2Jm DjJD �+IFFD KD�j�mD} . CDH2�}DJ �D+mDJ mjD� DJj�KDJ �+IFFDJ l mjD L jJmDE}DJE M� � jJ}+�KD �1j}�jDmEGH2-}DJ mDE o2JmDE jJ DjJD+ ! +K2JjE2}j,J �DJ}H2�}DJ � . £�+ � DmD mD+ �+IFFDJ � j+m DjJD iDj�D jL � +KD�JjE KDJD+jD+} .

G� 0D�GHD o�JmD+ L j} DjJD+ £��GHD �,J LDH+ 2�E ������ �L
2
EjJm 1 j}K�jDm jJ LDH+ 2�E M� ! +K2�JjE2}j,JDJ² kDD 2J,}HD+ D�D+GjED �kDG}j,J ,F}jL j~2}j,J l jJmD�DE�

m � 0D�GHD o�JmD+ EjJm jJ L jJmDE}DJE DjJD+ ! +K2JjE2}j,J 1 j}K�jDm l jJ mD+ 2IGH /DI}EGH�2Jm ��/ ��1j}K�jDm jE}²
� �}D+J2}j�D N� 2��DE jJ DjJDL �+Dj}DJ 
,jJ �
������ � ��� ���� � ��¨- ª���� �¬®¯©° � � �(6�ª-4ª© � � � �(6�ª-4ª© ������� � �³¬´ª " � � �³¬®¯©°
��� � � �¬©2¨® '3¨¯ '¬® " �� �¬©2¨® '3¨¯ '¬®
��� �� �³¬®¯©° " �� � ��� � �³¬´ª � �� ���}D+J2}j�D O � �0D�GHDE �o2Jm H2} DjJD 1 j}K�jDmEGH2-} jJ DjJD+ ! +K2J jE2}j,J � l jJ mD+ 2IGH

�/DI}EGH �2Jm 1 j}K�jDm jE}�²�
������ �¨- ª���� �¬®¯©° � �(6�ª-4ª© � ������ � � �³¬´ª " � � �³¬®¯©°
��� � � �¬©2¨® '3¨¯ '¬® �� §������ �� �¬©2¨® '3¨¯ '¬®���� �(6�ª-4ª© ������� �� �³¬®¯©° " �� �«
��� � �³¬´ª � �� ���}D+J2}j�D Q � �£�+ �D�GHDE o2Jm Kj�} DE DjJD 1 j}K�jDmEGH2-} jJ DjJD+ ! +K2JjE2}j,J l mjD 2IGH jJmD+ 1 DJKD mD+ ! +K2JjE2}j,JDJ l jJ mDJDJ / 1 j}K�jDm jE} l DJ}H2�}DJ jE}�²

������ �¬®¯©° ��¨- ª���� �¬®¯©°����� �� ����§������ � �©¬- '(6- ª-4ª© � �
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����� � � �³¬®¯©° " �¬®¯©° �³¬´ª
��� � � �¬©2¨® '3¨¯ '¬® ��

§������ �� �¬©2¨® '3¨¯ '¬®���� �(6�ª-4ª© ������� �� �³¬®¯©° " �� �««�DKDJ-+2KD � �D�GHD o�JmD+ �mjD ��D+H2IF} j+KDJm�, 1 j}K�jDm EjJm � EjJm JjGH} jJ DjJD+ ! +K2Jj�E2}j,J 1 j}K�jDm l jJ mD+ /DI}EGH�2Jm 1 j}K�jDm jE}²
������ �����
§������ � ��� ���� ³¬®¯©° �� ������ '(6- ª-4ª© «����� ��� �� ����§������ ����� '(6- ª-4ª© ������� �� �³¬®¯©°" �� �

��� �� �¬©2¨® '3¨¯ '¬® ��
§������ ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " �� «« �D� 0D�GHD o�JmD+ EjJm jJ L jJmDE}DJE mDJ ! +K2JjE2}j,JDJ 1 j}K�jDm l jJ mDJDJ 2IGH �Jm,++2 ����/ ��1j}K�jDm jE}²

������ � ��� ���� �¬®¯©°���� '(6- ª-4ª© ������ ��� �� ����§§������ ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " ���� �«� ����§������ � ��� ���� ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " � �³¬®¯©°««
�qr�� q �zw{qp yuw{ uw | qws+ {qw �p| swuystuvw qw ) ut| ruq{� uw {qwqw s+�� �w{vpps � ��	
 ��
) ut| ruq{ uyt �
������ � ��� ���� �¬®¯©°���� '(6- ª-4ª© ������ ��� �� ����§§������ � ��� ���� ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " ���� �«� ����§������ � ��� ���� ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " � �³¬®¯©° ««

��� ��� �� ����§§������ � ��� ���� ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©����� ³¬®¯©° " � �³¬®¯©° «� ����§������ � ��� ���� ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª©
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����� ³¬®¯©° " ���� �««
- � iDjKDJ kjD l m2EE DE jJ mD+ /2}DJ�2J� �DjJD ! +K2JjE2}j,J Kj�} l jJ mD+ 2��D o�JmD+ 1 j}K�jDm EjJm 7

� r rq �p| swuystuvw qw � �p {uq qy � quw �sw{ | u�t� {sy wu�� t uw {uqyqp �p| swuystuvw uyt
������ � ��¨- ª���� �©2¨® '3¨¯ '¬® ������ ��� �� ����§������ ®¨- ª���� ³¬®¯©° ������ ��� �� ����§������ ¬©2¨® '3¨¯ '¬®���� '(6- ª-4ª© ������ � �³¬´ª " � �³¬®¯©°

��� � �¬©2¨® '3¨¯ '¬® " � �¨44©ª1 '¨¯ '¬® ««... +D�2}j,J2�D / j�jEj,J �
π[
,+K lG,IJ}+3

](
jE�LDL�D+

) ÷ ρ[
G,mD

→
G,IJ}+3

](π[
G,mD

](
G,IJ}+3

))

DJ}EF+DGHDJm mD+ iD+�DKIJK mD+ / j�jEj,J jJ 2�KD�+2jEGHD �+IJm,FD+2}j,JDJ �IJ}D+ CDJI}~IJK�,J
π �G,IJ}+3 � �jE�LDL�D+��π �G,mD �G,IJ}+3 IJm π �,+K � �jE�LDL�D+��π �2��+D� � �,+K � �

\

ρ �J2LD→,+K �

π ��2L D�
! +K2J j~2}j,J

π �,+K �

\

×

ρ �2��+D�→,+K �

π �2��+D� �
,+K2Jj~2}j,J

ρ �G,mD→G,IJ}+3 �

π �G,mD�
G,IJ}+3

π �,+K lG,IJ}+3 �
jE�LDL�D+

1 2J �2JJ 2IGH m2E �!� ���k�k DJ}EF+DGHDJm mD+ �,+�DEIJK jJ mjD � �KD�+2 ��D+ED}~DJ �
• �JJD+D kI��ID+3 � jLF,+}jD+} �D+mDJ vp| swu�stuvw IJm �v+wtp	 
 2�E, 
,jJ L j} J2GH-,�KDJmDL�,J mjDEDJ �DjmDL L j} jE�LDL�D+ �

./ �,+K .2��+D�� j .,+K ∧ j .G,IJ}+3�G,IJ}+3.G,mD �
,+K2Jj~2}j,J jE�LDL�D+ G,IJ}+3

/2E � +KD�JjE mjDEDE �IEm+IG�DE � j+m 2I- mjD kGH �� EED�2}}+j�I}D mD+ �,++D�jD+DJmDJ �D�2}j,JDJvp| swu�stuvw IJm �v+wtp	 F+,� j~jD+} �D+Kj�} mjD� DJjKDJ *22+D �,J ! +K2JjE2}j,JDJ IJm o�JmD+ l-�+ mjD DjJD 1 j}K�jDmEGH2-} D�jE}jD+}� .
•
/jD �+IJmLDJKD mD+ L j}}�D+DJ kI��ID+3 jE} mD+DJ £�!1 ~IE2LLDJ L j} mD+ jLF,+}jD+}DJ�D�2}j,J vp| swu�stuvw. �,J mjDEDL �2+}DEjEGHDJ *+,mI�} ~jDH} L 2J m2E ,�jKD � +KD�JjE 2�
��!� ���k�k� �
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\

×

,+K2J j~2}j,J G,IJ}+3
π �G,IJ}+3.� l,+K .��

./ �,+K .2��+D�� j .,+K ∧ j .G,IJ}+3�G,IJ}+3.G,mD �
,+K2Jj~2}j,J jE�LDL�D+ G,IJ}+3

/2E � +KD�JjE mjDEDE �IEm+IG�DE � j+m E,-,+} 2I- mjD kGH�� EED�2}}+j�I}D mD+ �,++D�jD+DJmDJ�D�2}j,J vp| swu�stuvw F+,� j~jD+} �Kj�} mjD� DJjKDJ ! +K2JjE2}j,JDJ
O
l -�+ mjD DjJ o2Jm L j}DjJD+ � jGH}L j}K�jDmEGH2-} jJ

O
D� jE}jD+}� .

•
/2E � j+m � D}~} J, GH �,J mD+ 1 DJKD 2��D+ ! +K2JjE2}j,JDJ 2�KD~,KDJ �

\

,+K2Jj~2}j,J
π �,+K .��

\

×

,+K2J j~2}j,J G,IJ}+3
π �G,IJ}+3.� l,+K .��

./ �,+K .2��+D�� j .,+K ∧ j .G,IJ}+3�G,IJ}+3.G,mD �
,+K2Jj~2}j,J jE�LDL�D+ G,IJ}+3

1 2J �2JJ mjD �J-+2KD J, GH m2HjJKDHDJm �D+-DjJD+J l m2EE L 2J JI+ � jEEDJ � j�� l ,� 2��D o�JmD+DjJDE �,J}jJDJ}E 1 j}K�jDm jJ DjJD+ ! +K2J jE2}j,J EjJm �
������ ¨44©ª1 '¨¯ '¬®���� ¬©2¨® '3¨¯ '¬®����� ��� �� ����§������ �����

§������ ³¬®¯©° ������ ª® ³¬-.¨((ª(����� ³¬®¯ '®ª®¯ " ��('¨ �«����� ��� �� ����§������ ����� '(6- ª-4ª©����� '(6- ª-4ª© �¬©2¨® '3¨¯ '¬®"¬©2¨® '3¨¯ '¬® �¨44©ª1 '¨¯ '¬®��� '(6- ª-4ª© �³¬®¯©°"��«« �
RSTUVW X � Z�¢`^� ^XaSdU � RST�Vdg_VW_��f`	SdU Z[\]hh �DKD�DJ EDj -, �KDJmDE /2}DJ�2J��EGHDL 2 ��IE~IK 2IE 1,Jmj2��

�¬®¯©° §�¨- ª � �¬´ª � �¨. '¯¨& � �©¬1 '® ³ª � �©ª¨ � �¬.&¨¯ '¬® «�©2¨® '3¨¯ '¬® §�¨- ª � �44©ª1 '¨¯ '¬® � � (¯¨4&'(5ª´ «�(6- ª-4ª© §�©2¨® '3¨¯ '¬® � �¬®¯©° � �°.ª«
£,+LI�jD+DJ kjD mjD -,�KDJmDJ �J-+2KDJ jJ kno �
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