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QRSTUV W X YZ [\ [][^_ ` [a bU][]^c WdUa[^_W_ e CDfDgEDJ hgD i j2k jgD gJ jD+ l,+mDEIJK 2JKDnDJD/2+EoDmmIJK jD+ / gpgEg,J jI+GH +Dm2og,J2mD C2EgE,F D+2o,+DJ 2mE

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)

qL go
r(X)

i
s(Y )

IJj
Z = X \ Y rsIgp2mDJo tI jD+ KDKDn DJDJ /DuJgog,J

r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r}

gEo .
CDo+2GHoD

r ÷ s = π[Z](r) − π[Z]((π[Z](r) ./ s) − r)
︸ ︷︷ ︸

(∗∗∗)

(∗)

v2GH /DuJgog,J jD+ / gpgEg,J gEo
r ÷ s = {µ ∈ Tup(Z) | {µ} ./ s ⊆ r} (∗∗)

qNw
(∗∗) ⊆ (∗) xhDg

µ ∈ (∗∗)
i 2mE,

{µ} ./ s ⊆ r
. yz+ 2mmD

ν ∈ s
gEo 2mE,

µν ∈ r
.

/2L go 2mE, D+EoL 2m
µ ∈ π[Z](r)

.
{I tDgKDJ x µ 6∈ (∗∗∗)

.
|JJ2HLD x µ ∈ (∗∗∗) } 2mE, KrnD DE DgJ ν′

i E, j2EE
µν′ ∈ (π[Z](r) ./ s) − r

gEo . /D+ |JoDgm
π[Z](µν′)

gEo KD+2jD
µ
i 2mE, LzEEoD

ν′ ∈ s
EDgJ i j2L go jgDE D+-zmmo gEo i IJj

µν′ /∈ r } gL0 gjD+EF+IGH tI ,nDJ .
| mE,

µ ∈ (∗)
.

qMw
(∗) ⊆ (∗∗) xhDg

µ ∈ (∗)
.

|JJ2HLD x µ 6∈ (∗∗)
i j .H .

{µ} ./ s 6⊆ r
.

/2JJ Kgno DE 2mE, DgJ
ν ∈ s

i E, j2EE
µν 6∈ r

.
µ ∈ π[Z](r)

J2GH ~,JEo+I�og,J p,J
(∗)hGH2IDJ f g+ IJE f gDjD+

(∗∗∗)
2J x /2 µ ∈ π[Z](r)

gEo i gEo
µν ∈ π[Z](r) ./ s

IJj � 2
/∈ r

i 2mE,
µν ∈ (π[Z](r) ./ s) − r

IJj j2L go
µ = π[Z](diesem) = (∗∗∗)

.
0,L go

µ
JgGHo gJ

(∗)
gEo . 0 gjD+EF+IGH tI+ l,+2IEEDotIJK .

QRSTUV W � YQ �TWVdU � � [_[` U�W� R_� � U�[`U�W Q_�U�� \^_ �Rc W�_e /gD �Dm2og,JDJ
R(X̄)IJj

S(Ȳ )
DJoH2moDJ

n
ntf .

m �IFDm . 0 gD K+,k gEo jgD L 2�gL2mD IJj L gJgL 2mD |Jt2Hm p,J �IFDmJ ijgD j2E �+KDnJgE -, mKDJjD+ �FD+2og,JDJ qnDg KDDgKJDoDJ
X̄, Ȳ

w DJoH2moDJ �2JJ�
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2w
R ∪ Snw
R ./ SGw
σ[C](R) × S

i -z+ DgJD CDjgJKIJK
Cjw

π[Y ](R) − SDw
R ÷ S

2w L 2� x n + m
q�DgJD KDL DgJE2L DJ �IFDmwL gJ x max{n, m}

q�DgmL DJKDJnDtgDHIJKwnw L 2� x n ∗ m
i fDJJ DJofDjD+

X̄ ∩ Ȳ = ∅
,jD+ gL J2oz+mgGHDJ �,gJ � DjD hF2moD 2IE

X
L go � DjD+hF2moD 2IE

Y
tIE2LLDJF2EEo .

L gJ x 0
qJ2oz+mgGHDE �,gJ L go

X̄ ∩ Ȳ ) ∅
i n Dg jDL 2nD+ JgGHoE zn+gKnmDgno i j2 jgD � gJo+rKD jD+KDL DgJE2L DJ hF2moD qJ w JgGHo tIE2LLDJF2EEDJ .

� gJfDgE x L 2J EgDHo i j2EE DgJ �,gJ 2mE, jgD �+KDnJgEL DJKD E,f,Hm jDIomgGH pD+K+�kD+J i 2mE 2IGHDgJEGH+rJ�DJj f g+�DJ �2JJ .
•
lD+HrmoJgE tf gEGHDJ |R ./ S|

IJj
|R|

nDtDgGHJDo L 2J 2mE � ���� ������� jDE �,gJE qntKm .
R
w .

•
gEo

X̄ ∩ Ȳ
t .C . hGHmzEEDm p,J

S
IJj j2L go y+DL jEGHmzEEDm gJ

R
i E, H2o L2J

|R ./ S| = |R|
.

Gw L 2� x n ∗ m
q2mmD �IFDm gJ R

D+-zmmDJ
C
w

L gJ x 0
q�DgJ �IFDm gJ R

D+-zmmo
C
w

jw L 2� x n
q
S = ∅

i ,jD+ tIL gJjDEo
S ∩ π[Y ](R) = ∅

w
L gJ x 0

q
π(Y )(R) ⊆ S

w
Dw L 2� x n/m

fDJJ 2mmD 0D+oD
π[X̄ \ Ȳ ]R

L go � DjDL jD+ 0D+oD 2IE
S R

p,+�,LLDJ .
L gJ x 0

... fDJJ DnDJ �DgJ 0D+o jgD jI+GH jgD / gpgEg,J ntKm .
S
KDEoDmmoD � -z+ 2mmD��CDjgJKIJKD+-zmmo .

QRSTUV W � Y� R[\U�W_� \^_ QR]�d!"#W_ e $DKDnDJ EDgDJ -,mKDJjD �Dm2og,JDJ x
•
� q| iC i% w

•
h q| i� iy w

• � q| i� w/ gD 0D+oDn D+DgGHD 2mmD+ JgGHo J2LDJEKmDgGHDJ |oo+gnIoD EDgDJ p,JDgJ2JjD+ pD+EGH gDjDJ . $DKDnDJEDg JIJ -,mKDJjD+ +Dm2og,J2mD+ |IEj+IG� x
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

hgJj jgD -,mKDJjDJ |IEj+zG�D rsIgp2mDJo tI ,ngKDL |IEj+IG�� CDK+zJjDJ hgD &H+D |Jof,+o .
2w

π[E, H ]((σ[B = 10](R)) ./ (π[A, E](S)) ./ T )nw
π[E, H ](σ[B = 10](((π[B](R)) ./ (π[A, E](S))) ./ (π[A, H ](T ))))Gw
π[E, H ]((π[A, B](σ[B = 10](R))) ./ (π[A](S)) ./ T )

2w gEo rsIgp2mDJo x/D+ I+EF+zJKmgGHD |IEj+IG� x
π[E, H ](σ[B = 10]((R ./ T ) ./ S))

�,gJ gEo 2EE,tg2ogp x
π[E, H ](σ[B = 10](R ./ (T ./ S)))
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|oo+gnIo
B
D� gEogD+o JI+ gJ �Dm2og,J

R
i j2HD+ �2JJ hDmD�og,J p,+ �,gJ 2IEKD-zH+o fD+jDJ x

π[E, H ](σ[B = 10]R ./ (T ./ S))

l,J
S
fD+jDJ JI+ jgD |oo+gnIoD

A
qgL �,gJ L go

T
w IJj

E
qgJ jD+ 2nEGH mgDkDJjDJ *+,� D�og,J wnDJ�ogKo i L 2J �2JJ jgD *+,� D�og,J 2mE, 2IGH KmDgGH 2I-

S
2IE-zH+DJ x

π[E, H ](σ[B = 10]R ./ (T ./ (π[A, E]S)))

�,gJ gEo 2IGH �,LLIo2ogp x
π[E, H ](σ[B = 10]R ./ ((π[A, E]S) ./ T ))

/D+ mDotoD |IEj+IG� tDgKo j2EE jgD �sIgp2mDJt Kgmo .� gJfDgE x gJ jgDEDL |IEj+IG� fD+jDJ 2mmD
π
IJj

σ
E, -+zH f gD L �KmgGH 2IEKD-zH+o .

n w JgGHo rsIgp2mDJo x π[B](R)
DmgL gJgD+o j2E -z+ jDJ �,gJ L go

S
IJj

T
fgGHogKD |oo+gnIo

A
i H gD+f g+j Eo2oojDEEDJ j2E ~+DItF+,jI�o 2IEKD-zH+o .

π[A, E](S)
gEo f gD gJ 2w KDtDgKo tImrEEgK . π[A, H ](T )

gEo JIotm,E q&jDJogoro w i Eo�+o 2nD+ �DgJDJ .Gw JgGHo rsIgp2mDJo x π[A](S)
DmgL gJgD+o j2E |oo+gnIo

E
i f2E gJ jD+ |IEK2nD DJoH2moDJ EDgJ E,mm .

QRSTUV W � Y� R[\U�W_�W_ � �^[_ � �"�_[aae hDgDJ
R(X), S(Y ), T (Z)

�Dm2og,JE�hGHDL 2o2 . {Dg�KDJ hgD jgD -, mKDJjDJ �sIgp2mDJtDJ x2w
R ./ R ≡ R

.
n w fDJJ

X = Y
i j2JJ Kgmo

R ./ S ≡ R ∩ S
.

Gw
(R ./ S) ./ T = S ./ (R ./ T )

.
� ED oHD jDuJgog,J ,- oHD J2oI+2m � , gJ x

R ./ S = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S}

q2w
R ./ R = {µ ∈ Tup(X, X) | µ[X ] ∈ R ∧ µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ[X ] ∈ R}

= {µ ∈ Tup(X) | µ ∈ R}

= R

qn w � E KDmoD
X = Y

.
R ./ S = {µ ∈ Tup(X, Y ) | µ[X ] ∈ R ∧ µ[Y ] ∈ S}

= {µ ∈ Tup(X) | µ ∈ R ∧ µ ∈ S}
q
X = Y

w
= R ∩ S

qGw
(R ./ S) ./ T = {µ ∈ Tup(XY )|µ[X ] ∈ R ∧ µ[Y ] ∈ S} ./ T =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {µ[X ] ∈ R ∧ µ[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[XY ] ∈ {ν|ν[X ] ∈ R ∧ ν[Y ] ∈ S} ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|(µ[XY ])[X ] ∈ R ∧ (µ[XY ])[Y ] ∈ S ∧ µ[Z] ∈ T } =

{µ ∈ Tup(XY Z)|µ[X ] ∈ R ∧ µ[Y ] ∈ S ∧ µ[Z] ∈ T }
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|J2m,K,IEm3i EH,f oH2o
S ./ (R ./ T ) = {µ ∈ Tup(Y XZ)|µ[Y ] ∈ S ∧ µ[X ] ∈ R ∧ µ[Z] ∈ T }

fHgGH gE oHD E2L D n3 G,LLIo2ogpgo3 ,-
∧
.

QRSTUV W � Y� W�Ua[^_U�W Q_SdUTW_ U_ � ^_�[U�e $Dn DJ hgD |IEj+zG�D jD+ +Dm2og,J2mDJ |mKD�n+2 -z+ jgD -,mKDJjDJ |J-+2KDJ 2J jgD 1,Jjg2m�/2oDJn2J� 2J x
2w / gD v2LDJ 2mmD+ horjoD i gJ jDJDJ L DH+ 2mE M�� jD+ CDp� m�D+IJK jDE � DfDgmgKDJ �2JjDE mDn DJ .
n w / gD v2LDJ 2mmD+ �+K2JgE2og,JDJ i jgD 2I- � DjDL ~,JogJDJo L gJjDEoDJE DgJ 1 goKmgDjEm2Jj H2nDJ .
Gw | mmD �2JjDEG,jDE p,J �rJjD+J i gJ jDJDJ DgJD hF+2GHD KDEF+, GHDJ f g+j i jgD 2IGH gJ jD+ hGHfDgtKDEF+, GHDJ f g+j .
jw | mmD �2JjDEG,jDE p,J �rJjD+J i gJ jDJDJ 2IEEGHmgDEEmgGH hF+2GHDJ KDEF+,GHDJ fD+jDJ i jgD gJ jD+hGHfDgt JgGHo KDEF+, GHDJ fD+jDJ .
Dw | mmD �2JjDEG,jDE p,J �rJjD+J i gJ jDJDJ JI+ hF+2GHDJ KDEF+, GHDJ fD+jDJ i jgD 2IGH gJ jD+hGHfDgt KDEF+, GHDJ fD+jDJ .
- w | mmD �2JjDEG,jDE p,J �rJjD+J i gJ jDJDJ 2mmD hF+2GHDJ KDEF+,GHDJ fD+jDJ i jgD gJ jD+ hGHfDgtKDEF+, GHDJ fD+jDJ .
yz+ EFroD+D �nIJKEnmrooD+ x
•

$Dn DJ hgD jgDEDmnDJ |J-+2KDJ gJ h�� 2J .
•

$Dn DJ hgD jgDEDmnDJ |J-+2KDJ gL +Dm2og,J2mDJ ~2m�zm 2J .
hDg 2mmKDL DgJ

ρ[alias]
jgD �LnDJDJJIJK i jgD 2mmD |oo+gnIoD L go jDL *+ru� � sI2mgutgD+o .

2w �,gJ L go {IE2otnDjgJKIJK x
π �Ggo3.J2L D	

./ 
��
������
�������
������� ���
�����
> � ��� ����
������

ρ �Ggo3 	
Ggo3

ρ �G,IJo+3 	
G,IJo+3

,jD+

π �Ggo3.J2LD 	

./ 
��
������
�������
������� ���
�����
> � ��� ����
������

ρ �Ggo3 	

π �J2LD iG,IJo+3iF,F 	
Ggo3

ρ �G,IJo+3 	

π �G,jD iF,F 	
G,IJo+3

nw / gpgEg,J x
÷

π �2nn+Dp iG,JogJDJo 	

./

gE�LDLnD+ DJG,LF2EEDE

π �J2LD	
G,JogJDJo

gE�LDLnD+ q,+K iG,IJo+3io3F Dw IJj DJG,LF2E�EDE qG,IJo+3iG,JogJoDJo iFD+GDJow fD+jDJ znD+G,IJo+3 KD� ,gJo . /2p,J f g+j JI+ q,+K2J gE2og�,J iG,JogJDJow q�w n DJ�ogKo . /2E f g+j j2JJ jI+GHjgD 1 DJKD jD+ v2LDJ jD+ ~,JogJDJoD KDoDgmo if,L go 2mmD �+K2JgE2og,JDJ zn+gK nmDgn DJ i jgD gJq�w L go � DjDL ~,JogJDJo KDJ2JJo fD+jDJ .
Gw �,gJ tI+ y,+LImgD+IJK DgJD+ �|IEf2HmnDjgJKIJK� . lD+fDJjD �2nDmmD m2JKI2KD qG,IJo+3iJ2L D iFD+GDJow it .C . q%� i �KD+L 2J� i ��w .
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π �G,IJo+3 	

./

π �J2LD 	

σ �G,IJo+3��%�� 	
m2JKI2KD

m2JKI2KD

/D+ mgJ�D | Eo D+Kgno jgD �2nDmmD m2JKI2KD
J2LD
KD+L 2J-+DJGHgo2mg2J+,L 2JEGH

/ gDED f g+j L go m2JKI2KD KD� ,gJo q�,gJ�|oo+gnIo
�J2LD�w i f,L go KDJ2I jgD � gJo+rKD 2IE m2JKI2KDzn+gKn mDgn DJ i jgD DgJD jD+ 2I-KD-zH+oDJ hF+2GHDJDJoH2moDJ .jw $DJ2I 2mmD �rJjD+ i jgD Dn DJ JgGHo 2I-KDtrHmo fI+jDJ x

\

ρ �G,jD→G,IJo+3 	

π[code]

G,IJo+3

C2IL p,J DnDJ

Dw �� Eo L 2J gJ LDH+D+DJ hGH+gooDJ . � +Eo 2mmD hF+2GHDJ nDEogLLDJ i jgD J gGHo gJ %� KDEF+,GHDJfD+jDJ . /2E �+KDnJgE f g+j L go m2JKI2KD KD� ,gJo i IJj zn+gK nmDgnDJ jgD � gJo+rKD i jgD J gGHo�EGHfDgtD+ hF+2GHDJ nDEGH+Dgn DJ . / gD �rJjD+ qntf . �2JjDEG,jDEw i gJ jDJDJ g+KDJjDgJD J gGHo�EGHfDgtD+ hF+2GHD KDEF+, GHDJ f g+j i n D�,LLo L2J 2mE, -, mKDJjD+L 2EEDJ x
π �G,IJo+3 	

./

\

π �J2LD	
m2JKI2KD

π �J2LD	

σ �G,IJo+3��%�� 	
m2JKI2KD

m2JKI2KD

C mDgno JIJ i jgD ~,LFmDL DJoL DJKD i DnDJ jgD �rJjD+ gJ jDJDJ JI+ EGHfDgtD+ hF+2GHDJ KDEF+,GHDJfD+jDJ i tI nDEogLLDJ x
./

G,IJo+3
\

π �G,jD	
G,IJo+3

C2IL p,J DnDJ

,jD+ rsIgp2mDJo \

G,IJo+3
./

G,IJo+3 C2IL p,J DnDJ

... EGH�JDE CDgEFgDm j2-z+ i f gD L 2J hInsID+gDE gJ jD+ 0���� �~m2IEDm gJ jD+ | mKDn+2 jI+GH
�,gJ E +D2mgEgD+o .

- w �2mmD� } 2mE, L 2m f gDjD+ / gpgEg,J .
π[country, name](language)

jI+GH jgD 1 DJKD jD+ EGHfDgtD+hF+2GHDJ jgpgjgD+DJ . �n+gK nmDgnDJ jgD �rJjD+ jgD L go 2mmDJ jgDEDJ hF+2GHDJ KDJ2JJo fD+jDJ x
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÷

π �G,IJo+3iJ2L D	
m2JKI2KD

π �J2LD	

σ �G,IJo+3��%��	
m2JKI2KD

QRSTUV W � Y�dU_][a[\W �! ��We $DKDn DJ EDg DgJD �Dm2og,J � q| iCw . h�gttgD+DJ hgD DgJDJ |mK,�+goHLIE i jD+ i nDEoDHDJj 2IE �FD+2og,JDJ jD+ +Dm2og,J2mDJ |mKDn+2 IJj DgJD+ fHgmD�hGHmDg-D i jgDo+2JEgogpD �zmmD jD+ �Dm2og,J � nD+DGHJDo .
� gJfDgE x / gD o+2JEgogpD �zmmD DgJD+ �Dm2og,J

R
i n DtDgGHJDo 2mE

R∗
D+Kgno EgGH f gD -, mKo x n Do+2GHoDt .C . DgJD �Dm2og,J

R(von, nach)
p,J ymIKpD+ngJjIJKDJ .

R2 gEo j2JJ jgD 1 DJKD 2mmD+ lD+ngJjIJKDJ ijgD znD+ DgJD {f gEGHDJ m2JjIJK tIEo2JjD�,LLDJ i DoG �
Rn

EgJj 2mE, jgD� DJ gKDJ i lD+ngJjIJKDJ i jgDEgGH 2IE
n �DgmpD+ngJjIJKDJ tIE2LLDJEDotDJ . / gD IJDJjmgGHD lD+DgJgKIJK

R ∪ R2 ∪ R3 ∪ ...
-z+

R → ∞
fg+j j2JJ 2mE

R∗
nDtDgGHJDo . &J DgJD+ DJjmgGHDJ /2oDJn2EgE n DJ�ogKo L 2J JI+ DJjmgGH pgDmDhGH+gooD IL jgDED tI nD+DGHJDJ . � gJ 2JjD+DE n DmgDnoDE CDgEFgDm gEo jgD 2IE

Kind(x, y)
nD+DGHJDoDl,+-2H+DJ��Dm2og,J .

*+,n mDL jD+ | mKDn+2 IJj h�� x � DjDE Rn
�2JJ 2IEKDj+zG�o fD+jDJ � 2nD+ jgD n DmgDngK K+,kD lD+�DgJgKIJK JgGHo . 1 2J fDgk J gGHo i f, L 2J 2nn+DGHDJ E,mm .

�nD+
R(A, B)

E,mm j gD o+2JEgogpD �zmmD KDngmjDo fD+jDJ .
T
IJj

S
EgJj ngJr+D �Dm2og,JDJ znD+

AIJj
B
.

S := ∅
T := RfHgmD

T − S 6= ∅
j,nDKgJ

S := T ;
T := T ∪ π[T.A, R.B](σ[T.B = R.A](T × R));DJj .

&J jgDEDL *+,K+2LL DJoHrmo S
� DfDgmE jDJ 0D+o p,J

T
2IE jD+ mDotoDJ &oD+2og,J jD+ hGHmDg-D . / gDCD+DGHJIJK DJjDo i fDJJ

S
IJj

T
znD+DgJEogLLDJ i j .H . frH+DJj jD+ tI mDoto 2IEKD-zH+oDJ &oD+2og,JfI+jDJ �DgJD fDgoD+DJ �IFDm L DH+ tI T

HgJtIKD-zKo .


